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Abstract

The transition-edge sensor (TES) X-ray microcalorimeter is a promising detector
for realizing an X-ray camera with a high precision spectrometer on each pixel
for future X-ray astronomical observatories such as sDIOS. In the future, X-ray
detectors with fine energy resolution of less than 2 eV and a large field-of-view
(FoV) are required to reveal physics of dark baryons and to resolve soft X-ray
background. The detector works at a very low temperature (< 100 mK), thus
the resolving power E/∆E is typically greater than 1,000. From the size of the
detector, to cover the large FoV of the telescope, more than 104 TES pixels are
required. So, a multiplexing readout is a must to operate such large-format TES
arrays in space. However, there are so far no mature multiplexing techniques to
read out more than 104 pixels simultaneously. To resolve this situation, we have
developed a microwave superconducting quantum interference device (SQUID)
multiplexer (MWMUX). MWMUX is a promising technique, being capable of
reading out 1–2 orders of magnitude more pixels, compared with conventional
methods with bandwidths of several MHz, i.e., TDM, CDM and FDM.

This thesis is concerned with the development of a microwave SQUID multi-
plexer to read out transition-edge sensor X-ray microcalorimeter arrays for future
astrophysical observations. For the development, we set the targets to read out the
fast signal of TES X-ray microcalorimeters by using MWMUX with low readout
noise and several tens of pixels. First, we have developed MWMUX with a larger
resonance bandwidth (BW ), more than ∼ 2 MHz, in order to read out TESs with
sufficient sampling frequency. Second, we have developed MWMUX with a lower
noise level than that of TESs. The typical sensor noise is ∼ 30 pA/

√
Hz, thus we

aimed at a readout noise value below that. Finally, we have developed MWMUX
with many channels to demonstrate readout of large-format TES arrays. We aimed
at a number of channels more than 40, which is the same as the state-of-the-art
design of the future Athena X-IFU instrument.

We have developed 40ch MWMUX with resonator bandwidth of ∼ 2 MHz
and low readout noise of around 10 pA/

√
Hz. Using the developed MWMUX, we

simultaneously read out 38 TES X-ray microcalorimeter pixels, and successfully
detected Mn Kα X-ray signals from all 38 pixels. Furthermore, we obtained the 38
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spectra with the best and median energy resolution of 2.8 eV and 3.3 eV FWHM at
5.9 keV, respectively. The contribution of readout noise of MWMUX to the energy
resolution was calculated to be not more than 1.8 eV. These results surpass the
performance of the SXS instrument, which was onboard the Hitomi satellite and
operated in orbit in 2016, in both the energy resolution and the number of pixels.
Furthermore, the obtained results are comparable to the requirement of 2.5 eV
with a 40-pixel FDM multiplexing readout for the Athena satellite to be launched
in 2031. Through the researches of this thesis, we demonstrated microwave multi-
plexed readout of large-format TES arrays with fine energy resolution. The results
in this thesis will impact X-ray astronomy by showing the feasibility of an X-ray
camera with high precision spectrometer on each pixel for future X-ray astronom-
ical observatories.
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Chapter 1

Introduction

X-ray imaging spectroscopy is a powerful tool to explore the Universe. In the
early Universe, the source of re-ionizing radiation whose energy should be larger
than 13.6 eV is still unresolved. Even in the current Universe, the origin of the
soft X-ray background is not fully understood. Not only astronomical objects like
stars and galaxies but a large part of the baryons in the Universe emits X-rays
because they are also now in the form of diffuse and ionized plasma as warm or hot
intergalactic medium. X-ray spectroscopy gives us plenty of information on such
plasma, i.e., temperature, ionized status, chemical composition, velocity field, and
so on.

As the emission is diffuse in nature, a non-diffractive method is required.
Position-sensitive proportional counters on Einstein, Tenma, and ASCA, and X-
ray CCDs on ASCA, Chandra, and XMM-Newton were used in astrophysical ob-
servations, increasing both the energy and spatial resolutions. Hitomi was the first
to use an X-ray microcalorimeter array in orbit, and revealed the velocity field and
placed a limit on the non-thermal energy in the Perseus cluster of galaxies, with
an energy resolution less than 5 eV. The number of pixels in the array detector on
Hitomi was only 32, and the future Athena X-IFU will have 3840 pixels, but still
they are much smaller than those of X-ray CCDs, typically 1000×1000. The main
reason for this barrier is that the excellent energy resolution of microcalorime-
ters is only available at a low temperature less than 0.1 K and that the number
of wires to such a cold stage is limited by their heat flow from room-temperature
electronics. Athena X-IFU will use a signal multiplexing technique, which is known
as Frequency-Division Multiplexing (FDM), and will read 40 pixels in one signal
channel.

Recently, microwave multiplexing (MWMUX) method utilizing superconduct-
ing quantum interference devices (SQUIDs) has been invented to read cryogenic
detectors, including KIDs and transition-edge sensors (TES) that detect γ-rays.
Application of MWMUX to X-ray TESs poses a challenge to handle fast signals
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due to the small heat capacity in the sensor or to extend the signal bandwidth in
high-Q resonance circuits.

In this thesis, we investigate the application of MWMUX to X-ray TES by
newly designed and fabricated multiplexing and de-multiplexing circuits. In chap-
ter 2, we review past studies, and in chapter 3, the principles of MWMUX res-
onators are summarized. From chapter 4 to 6, step-by-step developments of MW-
MUX are described. For the development, we set the targets to read out the fast
signal of TES X-ray microcalorimeters by using MWMUX with low readout noise
and several tens of pixels. First, we have developed MWMUX with a larger res-
onance bandwidth (BW ), more than ∼ 2 MHz, in order to read out TESs with
sufficient sampling frequency. Second, we have developed MWMUX with lower
noise levels than those of TESs. The typical sensor noise is ∼ 30 pA/

√
Hz, thus we

aimed at a readout noise value below that. Finally, we have developed MWMUX
with many channels to demonstrate readout of a large-format TES array. We
aimed at a number of channels more than 40, which is the same as the state-of-
the-art design of the future Athena X-IFU instrument. In chapter 7, a set up for
the combined evaluation of a newly-developed MWMUX with 40 channels and a
TES array is presented, and experimental results and analysis are shown in chap-
ter 8. After a discussion on chapter 9, the conclusion of this thesis will be given
in chapter 10.
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Chapter 2

Review

2.1 Imaging Spectroscopy in X-ray Astrophysics

From the beginning of X-ray astrophysics, very complex energy spectra with many
emission and/or absorption lines have been investigated, because highly ionized
plasma with T = 106−8 K or kBT = 0.1–12 keV emits many characteristic lines
in the X-ray energy band. For example, Tanaka & Bleeker (1977) [1] studied the
diffuse soft X-ray emission distributed over the entire sky, which is called the Soft
X-ray Diffuse Background (SXDB), by rocket-borne proportional counters, and
proposed the existence of a hot gas of T ∼ 106 K in the interstellar space. The
SXDB was observed again by a microcalorimeter array, and OVII (561, 568, and
574 eV at rest frame), OVIII (653 eV at rest frame), and a few other emission
lines were clearly resolved with an energy resolution of ∼9 eV (McCammon et al.
2002 [2]).

Such diffuse and complex emission is considered to be caused by many layers in
the Universe and is not understood completely even now. Supernova remnants in
our Galaxy, elliptical and spiral galaxies, and clusters of galaxies are well-known
sources of diffuse X-rays. The emissions caused by the charge exchange interaction
between solar wind and neutral particles existing at the neighborhood [3] and in
Earth’s Solar system objects (e.g., [4]) are considered to be the part of the SXDB.
Recently a possibility was claimed that a highly redshifted (z > 6) component
associated with the strong X-ray emission by the rapid evolution of supermassive
black holes (SMBH) in the early Universe could contribute to the SXDB [5]. Also,
very dim emission from large-scale filamentary structure called WHIM (Warm-
Hot Intergalactic Medium) has been suggested by hydrodynamical simulations
(e.g., Cen & Ostriker 1999 [6]), and its location could be identified by redshifted
Oxygen emission energy [7, 8].

According to the baryon budget described in Fukugita et al. 1998 [9], the ma-
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jority of baryons in the present universe are still unexplored. Cosmological sim-
ulations and recent observations indicate that approximately 30–50% of the total
baryons in the local Universe (z = 0) take the form of WHIM with a temperature
of 105 to 107 K and exist along the large-scale filamentary structure [6, 7].

Since oxygen is the most abundant metal in the universe and highly ionized
oxygen, or OVII and OVIII, is the most significant component in the 105 to 107

K gas, we could study the large-scale structure of WHIM by detecting OVII and
OVIII emission lines at the various redshifts. However, the current observations
do not have enough energy resolution to separate emissions from WHIM and our
Galaxy from the redshift. As well as energy resolution, a large “effective-area times
field-of-view (SΩ)” and sufficient spatial resolution are also required to detect
enough photons and separate the contaminating point sources in order to detect
and survey the large-scale structure of WHIM. Thus, a more powerful imaging
spectroscopy tool, i.e., sensors with a wide field of view (FoV), and fine spatial
and energy resolution are required for future observations.

In the following section, we describe the requirements for the detector and the
next generation X-ray space mission.

2.2 Requirements for Microcalorimeters and Fu-

ture X-ray Imaging Spectroscopic Mission

Following the calculation of the detectability of oxygen emission from WHIM by
Mitsuda [10] and Takei et al. [8], the significance σline of a line detection can be
given by

σline =
fline√

fline + fBG∆E

√
SΩtexp, (2.1)

where fline, fBG, S, Ω, texp, and ∆E are the source line flux in units of photons/s/cm2

/sr, background intensity in units of photons/s/cm2/sr/keV, effective area, FoV,
the exposure time, and the energy resolution of the detector, respectively. At
the energy of OVII and OVIII emission lines, the Galactic emission dominates the
background continuum spectrum, and the typical intensity is 30 photons/s/cm2/sr
/keV. Meanwhile, according to the estimation of the surface brightness of an oxy-
gen emission line of a filament by Mitsuda [10], the source line flux fline is 0.05
photons/s/cm2/sr. Therefore, the equivalent width of the oxygen emission lines
(∼ 600 eV) can be estimated to be 0.05/30 keV∼2 eV. An energy resolution of
less than 2 eV makes the sensitivity limited by photon statistics rather than by
background/continuum emissions. Moreover, some studies of the detectability of
WHIM emission with cosmological simulations indicate that an energy resolution
of less than ∆E ∼ 2 eV makes the OVII and OVIII emissions separate from other
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prominent Galactic lines [7, 8]. Thus, the energy resolution of a detector is required
to be ∆E < 2 eV, and the transition-edge sensor (TES) X-ray microcalorimeter is
the only option to realize such high resolution. As well as energy resolution, a large
SΩ is required from Eq. 2.1 to detect and survey WHIM emission with sufficient
significance (e.g., > 5σ) under the flux detection limit of 0.05 photons/s/cm2/sr.

The future Japanese X-ray satellite mission, Super Diffuse Intergalactic Oxygen
Surveyor (sDIOS), is planned to search for dark baryons in the form of WHIM by
detecting those oxygen emissions from redshift of 0.3 to the present. The energy
resolution, effective area S and FoV Ω are planned to be less than 2 eV at 1
keV, larger than 1000 cm2 and ∼ 30 arcmin, respectively. The goal for the angular
resolution is 10–15 arcsec to separate out WHIM emission from contaminating
point sources. Thus, the requirement for the number of pixels of TESs is ∼ 30000.
In future space missions such as sDIOS, the energy resolution < 2 eV and the
number of pixels > 30000 are required for the TES X-ray microcalorimeter.

2.3 Transition-Edge Sensor (TES) Microcalorime-

ter

A superconducting transition-edge sensor (TES) [11] is the most sensitive calorime-
ter, taking advantage of the high temperature sensitivity of resistance, α, within
the superconducting phase transition. TESs are used as a thermal detector in var-
ious applications over a span of more than ten orders of magnitude in wavelength
and energy. For example, TES can be applied to analysis of nuclear material by al-
pha spectroscopy [12], X-ray spectroscopy in material analysis [13], hadronic-atom
X-ray spectroscopy [14], optical biological imaging [15], and astronomical missions
such as LiteBIRD [16] and SPICA [17], or future X-ray satellites such as Athena
[18], sDIOS [19], Lynx [20], and Cosmic Web Explorer [21].

Figure 2.1 shows schematics of a TES, a transition edge, and a pulse in tem-
perature excited by incident energy. A TES generally consists of an absorber, a
thermometer, and a thermal link to a heat sink. The absorber and thermometer
with heat capacity C are heated to a temperature of T = Tbath + E/C by an
incident X-ray or γ-ray photon with energy E, and relax to the bath temperature
Tbath with a time scale of τ = C/G, where G is the thermal conductance between
the heat capacity and the heat sink. Compared with γ-ray TESs, the absorbers
in X-ray TESs strongly couple to the thermometers due to the thickness of the
absorbers. Therefore, heat in the absorber diffuses to the thermometer much faster
in the case of X-rays than gamma-rays, and that yields a small rise-time constant
in X-ray TESs. The energy resolution ∆E is limited by thermal fluctuations in
the heat capacity at temperature T due to the exchange of energy with the heat
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Figure 2.1: (a) Schematic of transition-edge sensor. An incident X-ray of energy
E heats a capacitor consisting of an absorber and a thermometer above the tem-
perature of a heat reservoir. (b) A superconducting resistive transition edge. (c)
A pulse in temperature excited by an incident energy deposition.

sink at Tbath:

∆E = 2.35ξ
√
kBT 2C, (2.2)

where ξ is a parameter determined by the thermometer sensitivity [11]. The best
TES energy resolutions achieved to date are 1.58 eV FWHM at 5.9 keV [22] and
0.72 eV FWHM at 1.5 keV [23].

The suppression of thermal noise at low temperatures allows TESs to measure
energy with great precision. In the case of X-rays, the resolving power E/∆E
can achieve greater than 103, which is significantly better compared with conven-
tional CCDs used for X-ray imaging spectroscopy in astrophysics. The transition
temperature Tc is usually tuned to around 50–100 mK in order to obtain a de-
sirable resolution, by using a variety of thin films as TESs. For films, elemen-
tal superconductors (e.g., W), alloys (e.g., Mn-doped Al), and proximity-coupled
superconducting/normal-metal bilayers or multilayers (e.g., Mo/Cu, Mo/Au, Ti/Au)
are fabricated for TESs. The TES film is electrically contacted by superconducting
leads (such as Nb and Al) so as to connect to the external world.

In actual operation, TES should always be biased at a working point within the
transition edge. The transition edge is quite narrow (e.g., ∼mK); however, biasing
can be realized by the use of a voltage-biased readout achieved by placing the TES
in parallel with a shunt resistor whose resistance is much smaller than that of the
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TES [24]. In this regime, the current through TES is measured. The resistance of
TES, the variation of the current, and the current noise are very small, typically
1–100 mΩ, ∼ 10µA and ∼ 30 pA/

√
Hz.

Low 
temperature

Room 
temperature

TES

SQUID

TES bias SQUID 
bias

OutputShunt 
resistance

Feedback line

(a) (b)

Figure 2.2: (a) Schematic of a voltage-biased TES readout with DC-SQUID. (b)
Photo of 64-pixel non-multiplexing readout with DC-SQUID. Photograph courtesy
of Dr. Tasuku Hayashi, ISAS/JAXA.

A superconducting quantum interference device (SQUID) is a suitable ammeter
for TESs because of its low impedance, high current (or flux) resolution, and
low input-referred noise. Figure 2.2 (a) shows a circuit schematic of the general
voltage-biased readout with a direct current (DC) SQUID. The TES and SQUID
are placed at the low-temperature stage. The current through the TES is converted
to a magnetic flux at an input coil coupled to the SQUID, and then converted to
a voltage across the SQUID and read out by voltmeters at room temperature.
Since the SQUID has a periodic response, the SQUID is generally operated under
negative feedback. The feedback keeps the flux threading the SQUID ring constant
and is therefore called a flux-locked loop (FLL). In the FLL, the SQUID output is
fed back to the SQUID itself through a feedback line. When we read out a TES
with a single DC-SQUID, we generally need four pairs of wires; one for TES bias,
another for SQUID bias, another for SQUID feedback, and the other for SQUID
output, as shown in Fig. 2.2 (a). For a single TES or TES array with a small
number of pixels, signal wires for output of individual SQUID corresponding to
each TES pixel can be connected in parallel between the cryogenic stage and room-
temperature electronics. This approach cannot be scaled up to large-format arrays
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to image and/or boost collection efficiency and count rate, since this increases the
heat flow from room-temperature to the cryogenic stage through signal and/or bias
wires to prohibitive levels and complicates electronic handling as shown in Fig.
2.2 (b). Thus, the SQUID multiplexing technique is potentially needed for the
readout of large-format TES arrays. In what follows, we provide summaries of the
three conventional methods of SQUID multiplexing and the promising microwave
SQUID multiplexing.

2.4 Conventional Multiplexing Techniques

For more than a decade, time-division multiplexing (TDM) [25], code-division mul-
tiplexing (CDM) [26], and frequency-division multiplexing (FDM) with several-
MHz bandwidth [27] have been developed [28]. Figure 2.3 shows example mod-
ulation functions for four channels in three different conventional multiplexing
techniques.
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Figure 2.3: Modulation functions for four channels in three different conventional
multiplexing techniques.

TDM consists of N current-bias lines (rows) andM output lines (columns). M
first-stage SQUIDs in each row are electrically connected in series, andN first-stage
SQUIDs in each column are magnetically coupled to each common second-stage
SQUID. Each DC-voltage biased TES is connected to its own first-stage SQUID,
thus signals from TESs in each column can be multiplexed into each output line.
TDM can reduce the number of signal wires O(M×N) to O(M+N) in comparison
to the non-multiplexing readout. As shown in Fig. 2.3 (left), each row is turned
on sequentially, and columns of SQUIDs are read out in parallel. The bandwidth
of each measurement is determined by the boxcar modulation function (see Fig.
2.3 (left)). To date, the shortest time demonstrated for turning on and measuring
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a SQUID is 320 ns [28]. Thus, the bandwidth of TDM is in the MHz range, and
N is limited to several dozen in the case of X-ray TESs whose typical signal band
is 10–100 kHz. Due to the dead time of measurement, or to aliasing, the effective
SQUID current noise scales as

√
N . That also makes it difficult to increase N .

TDM is the most mature multiplexing technique compared to the others and is
used in many applications. For example, 30-row×8-column TDM is used to read
out 240-pixel X-ray TESs for beamline science [29].

In CDM, TESs are magnetically coupled to all the SQUIDs with polarity de-
fined by the appropriate column of the Walsh basis set [28], and the polarity of the
signals from the TESs are modulated by a switch as shown in Fig. 2.3 (middle).
During each time step, the signals from all DC-biased TESs in a readout column
are summed with equal weight but different polarity patterns [30]. All the TESs
are measured all the time in contrast to TDM, thus CDM does not suffer from the√
N noise penalty. With a 32-channel CDM circuit, Morgan et al. 2016 [30] have

achieved a 30-pixel combined energy resolution of 2.77 eV FWHM at 5.9 keV and
a best single-pixel resolution of 2.28 eV FWHM.

In FDM, the LCR filter circuits are used to apply a different oscillating voltage
bias to each TES. The modulated currents through the TESs are summed into
a common SQUID amplifier and demodulated by room-temperature electronics
to reconstruct the TES signals of each channel. The TESs are usually biased at
several MHz, therefore, the output signals should be fed back as fast as several
µs from room-temperature electronics to the SQUID at the low-temperature cryo-
genic stage. However, it is difficult to realize stable operation due to the parasitic
capacitance on electrical wires from room to low temperature. To achieve a sta-
ble FLL even at MHz frequencies, a feedback scheme called baseband feedback
(BBFB) [31] is always used. The feedback bandwidth restricts frequency band
used in FDM to MHz. Thus the number of pixels employed in a readout SQUID
is limited to several dozen in the case of X-ray TES whose typical signal band
is 10–100 kHz. FDM has been used for many existing instruments and has been
actively developed to be on board Athena satellite in 2031. In the mission, 3840
X-ray TESs will be measured by using 92 readout SQUIDs on each of which 40
X-ray TESs will be multiplexing.

The overall system bandwidth of those multiplexing is limited in the MHz
range. Thus the number of multiplexed pixels is restricted to below 100 in the case
of X-ray TES. However, for future astrophysics observations, there is a need for a
multiplexing technique capable of reading out thousands of detectors in a single
output channel. As the promising SQUID multiplexing to meet this requirement,
microwave SQUID multiplexer (MWMUX) is very attractive because of its much
larger bandwidth than those of three conventional methods, potentially several
GHz. In the following section, we present the summary of microwave readout.
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2.5 Microwave SQUID Multiplexer (MWMUX)

Irwin & Lehnert 2004 [32] first proposed and demonstrated the microwave SQUID
multiplexer (MWMUX). The first demonstration used lumped element resonator
circuits and DC-SQUIDs to modulate the quality factor Q of the resonator. They
measured a flux noise of ∼ 0.5µΦ0/

√
Hz, where Φ0 is the flux quantum with the

value of 2.07 × 10−15Wb, and demonstrated the multiplexed readout of two DC-
SQUIDs at frequencies ∼ 500MHz. Also, they proposed the use of lithographically
fabricated resonators in order to operate MWMUX at a much higher frequency.
Mates et al. 2008 [33] and Mates Ph.D. thesis [34] established the foundations of
the current device, which uses the change in inductance of a dissipationless radio
frequency (RF) SQUID to modulate the resonance frequencies, and demonstrated
multiple designs, noise as low as 0.17µΦ0/

√
Hz, and a naturally linear readout

scheme based on flux modulation, called flux-ramp modulation (FRM) [35].

RF-SQUID

Microwave 
Resonator

Feedline

TES

Ramp signal

TES signal

Figure 2.4: Circuit schematic of microwave SQUID multiplexer.

Figure 2.4 shows the circuit schematic of the microwave SQUID multiplexer.
MWMUX consists of a number of high quality-factor (Q) microwave resonators,
each employing a unique resonance frequency, terminated by an RF-SQUID. The
injected powers are modulated by the resonators, and the transmitted powers are
summed into the input of one cryogenic high electron mobility transistor (HEMT).
Each SQUID acts as a flux-variable inductor responding to the magnetic flux
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threading the SQUID loop in a flux-quantum cycle. And each SQUID is coupled
to each TES. Thus, the TES signal can be read out by monitoring the shift of the
resonance frequency depending on the magnetic flux activated by the change of
current through the TES at energy irradiation. For multiplexing, those elements
are capacitively coupled to a feedline. As with the readout system of microwave
kinetic inductance detectors (MKIDs) [36], each signal can be simultaneously ob-
tained by injecting multiple microwave tones into the feedline and monitoring the
amplitude and phase of transmitted signals. For practical application, a flux-ramp
signal is always applied to all the SQUIDs to linearize the SQUIDs’ periodic re-
sponses.

Recently, Dober et al. 2018 [37] have developed a 512-channel multiplexer with
100 kHz resonator bandwidth, uniform 1.8 MHz frequency spacing, and an input-
referred current noise of 35 pA/

√
Hz for future submillimetre observations. Mates

et al. 2017 [38] demonstrated microwave readout of 128 γ-ray TES pixels and
achieved 89-pixel combined energy resolution of 55 eV@97 keV. They developed
MWMUX with a readout noise level of 2 µΦ0/

√
Hz (19 pA/

√
Hz), and 300 kHz

resonator bandwidth for 62.5 kHz flux-ramp modulation. Hirayama et al. 2013 [39]
developed a microstrip-type SQUID with a vertical loop for accurate design of small
SQUID inductance LS, a MWMUX based on SQUID-resonator direct coupling
and introduced the fractional parameter a. Using the MWMUX, Irimatsugawa
Ph.D. thesis [40] read out two γ-ray TESs with energy resolutions of 118 and 128
eV@184 keV. As above, the developments of MWMUX for bolometers and γ-ray
TESs are successful, while development for X-ray TESs is behind them due to the
larger signal band of X-ray TESs. However, the development for this region is
progressing. Yoon et al. 2018 [41] demonstrated 28-pixel simultaneous microwave
readout with a flux-ramp frequency of 160 kHz, using an X-ray TES array and
MWMUX respectively developed by GSFC/NASA and NIST. They have achieved
a median spectral resolution of 3.4 eV FWHM at 5.9 keV.
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Chapter 3

Theory of the Microwave SQUID
Multiplexer

In this chapter, we summarize the theory of the microwave SQUID multiplexer
(MWMUX), as shown in Fig. 2.4. The MWMUX consists of a set of supercon-
ducting microwave resonators terminated by either an inductance magnetically
coupled to a dissipationless RF-SQUID or the SQUID itself. Each element em-
ploys a unique resonance frequency determined by both the intrinsic resonance
frequency of the resonator and the SQUID inductance, depending on the magnetic
flux threading its loop. First of all, let us start by exploring the resonator theory
of the simple lumped RLC parallel and microwave resonator circuits in order to
derive the model of the measured value. Next, we analyze the behavior of the
SQUID as a magnetic-flux variable inductance. Finally, we will explain the novel
modulation technique for the linearization and wide dynamic range of the input
signal.

3.1 Microwave Resonator

3.1.1 Simple Lumped RLC Parallel Resonant Circuit

A resonant circuit consists of an inductor, a capacitor, and terminals for input
and output. The impedance or admittance of the circuit drastically changes at a
specific frequency. In general, a resonant circuit can be characterized by two main
parameters, namely, the resonance frequency and the quality factor. The simplest
case is shown in Fig. 3.1, and we start with analyzing this simple lumped RLC
parallel resonant circuit by calculating the resonance frequency and the quality
factor to understand the behavior of a transmission resonator.

In practice, a resonant circuit is always coupled to external circuitry. Therefore,



3.1. MICROWAVE RESONATOR 13

ZextL

Parallel resonant circuit

C RZext V

Figure 3.1: A simple RLC parallel resonant circuit. Each input and output port
is terminated by an external circuit whose impedance is Zext.

let us consider the situation of the resonant circuit being coupled to the external
resistance Zext, as shown in Fig. 3.1. The admittance Y of the circuit is given by

Y =

(
1

R
+

2

Zext

)
+ i

(
ωC − 1

ωL

)
. (3.1)

At the resonance, the susceptance is zero. Therefore, the resonance frequency
can be written as:

ω0 =
1√
LC

. (3.2)

The fundamental definition of the quality factor Q is

Q = 2π
Energy stored in the resonator

Energy dissipated per cycle
(3.3)

[42, 43]. We can easily derive Q for the circuit at the resonance as follows.
The energy E stored in the resonant circuit at ω0 is

E =
1

2
L|IL|2 +

1

2
C|V |2 = C|V |2, (3.4)

where IL and V are the current through L and the voltage across the circuit,
respectively. Here, we note that the current and voltage amplitudes denote the
root-mean-square (rms) values. The mean power dissipated at the interior resis-
tance R and the external resistance Zext is

P =
|V |2

R
+

2|V |2

Zext

. (3.5)
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Finally, we find the quality factor of the parallel resonant circuit

Q =
ω0C

1
R
+ 1

Zext

, (3.6)

and we can rearrange this equation to be

1

Q
=

1

ω0RC
+

2

ω0ZextC
=

1

Qi

+
1

Qext

, (3.7)

where Qi = ω0RC and Qext = ω0ZextC/2 are the internal and the external quality
factor, respectively.

There is an alternative method to calculate the quality factor at the resonance
by using the slope parameter, defined as the frequency derivative of the impedance
or the admittance of the circuit, and the quality factor is given by

Q =
ω0

2

∣∣∣∣dZ/dωZ

∣∣∣∣
ω=ω0

=
ω0

2

∣∣∣∣dY/dωY

∣∣∣∣
ω=ω0

, (3.8)

where Z and Y are the impedance and the admittance of the circuit, respectively.
We note that the quality factor is invariant under the duality operation to the
immittance [44], and therefore, can be written in the same form for Z and Y . By
substituting Eqs. 3.1 and 3.2 into Eq. 3.8, we can easily find the same value with
Eq. 3.6.

To facilitate later discussion, let us derive the input admittance Yin of the
parallel resonant circuit at a frequency near the resonance frequency ω = ω0+∆ω,
where ∆ω/ω0 ≪ 1. Near the resonance, Yin can approximately be written as

Yin =
1

R
+ i

(
ωC − 1

ωL

)
≈ 1

R
+ i2C∆ω. (3.9)

3.1.2 Quarter-Wave Transmission Line Resonator

In the microwave region, it is almost impossible to realize a reasonable resonant
circuit consisting of lumped elements, due to the existence of parasitic reactances,
which are practically unpredictable and whose values might be changed by the
moment-to-moment experimental environment. On the other hand, a transmission
line resonator, which consists of distributed elements, is useful at high frequency
and makes the design simple because the resonance frequency depends only on the
transmission-line length.

According to transmission line theory, the input impedance Zin of a transmis-
sion line with length l is given by

Zin =
ZL + Z0 tanh (α + iβ)l

Z0 + ZL tanh (α + iβ)l
, (3.10)



3.1. MICROWAVE RESONATOR 15

l = λ0/4

Zin α, β, Z0 ZL = 0

Figure 3.2: Schematic of a quarter-wavelength transmission line resonator.

where Z0, ZL, α and β are the characteristic impedance of the transmission line,
the load impedance terminating the transmission line, the attenuation coefficient
and the phase constant, respectively. We consider a quarter-wave transmission
line as shown in Fig. 3.2, hence ZL = 0 and l = λ0/4. λ0 is equal to 2πvp/ω0,
where vp is the phase velocity. In this case, Eq. 3.10 is rewritten as:

Zin = Z0 tanh (α + iβ)l = Z0
1− i tanhαl cot βl

tanhαl − i cot βl
. (3.11)

In the case where loss αl in a transmission line is small, αl ≪ 1, and the frequency
ω = ω0+∆ω is near the resonance frequency, ∆ω/ω0 ≪ 1, Eq. 3.11 can be reduced
to

Zin ≈ Z0
1

αl + iπ
2
∆ω
ω0

, (3.12)

hence the input admittance is given by

Yin =
1

Zin

=
αl

Z0

+ i
π

2Z0

∆ω

ω0

. (3.13)

Deriving Eq. 3.12, the approximations are used as follows: tanαl ≈ αl and
cot βl ≈ −π/2(∆ω/ω0) for βl = 2πl/λ = π/2(1 + ∆ω/ω0).

Due to the similar form of Eqs. 3.9 and 3.13, the quarter-wave transmission line
resonator can be regarded as the equivalent circuit of a parallel RLC resonator.
Comparing Eq. 3.9 with Eq. 3.13, the following relations are obtained:

R =
Z0

αl
(3.14a)
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C =
π

4Z0ω0

(3.14b)

L =
1

ω0
2C
. (3.14c)

Finally, we find the internal quality factor Qi for the quarter-wave transmission
line resonator is

Qi = ω0CR =
π

4αl
. (3.15)

This Qi includes the contributions of all the various energy relaxation paths in the
resonator.

3.2 Microwave Resonator Capacitively Coupled

to a Feedline

The microwave resonator used in MWMUX is capacitively coupled to a feedline
by a coupler whose equivalent circuit model is shown in Fig. 3.3 (a). The cou-
pler plays an important role in the optimization of the bandwidth (BW ) of the
resonator because the coupling quality factor Qc can be adjusted by the coupling
capacitance Cc, as we can see below. Measuring transmitted power passing through
the feedline, we can characterize the resonator readout circuit. Here, we derive a
transmission coefficient t21 of the resonator readout circuit following the network
analysis by Jiansong Gao [45].

3.2.1 Scattering Matrix of a Symmetric 3-Port Capacitive
Coupler

As shown in Fig. 3.3 (a), the coupler is modeled by a 3-port network circuit, in
which the feedline running from its port 1 to 2 is the lossless transmission line with
the characteristic impedance Z0, and its port 3 is expected to be connected to the
λ/4-resonator with the characteristic impedance Zr. Let us define the incident and
reflected power waves of the i-th port of the coupler as: ai = (Vi+ZiIi)/2

√
Zi and

bi = (Vi − ZiIi)/2
√
Zi, where Vi and Ii are the voltage at and the current flowing

into the i-th port of the coupler, and Zi is the reference impedance of the i-th
port. According to the definition of the scattering matrix S [42, 46], the scattering
parameters (S-parameter) of the coupler, Sij = (bi/aj)ak=0 (k ̸=j), can be calculated
by terminating two of the three ports except for the j-th port with a load identical
to the reference impedance Z0 and/or Zr. Due to the reciprocity of the network,
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Figure 3.3: (a) An equivalent circuit model of the capacitive coupler. (b) Schematic
and signal flow of the coupler terminated by λ/4-resonator. (c) Signal flow graph of
the coupler at whose port 3 power is reflected by the resonator with a Γr probability.

and the fact that the coupler is lossless, namely S†S = 11 [42], we can easily find
the following trivial properties for Sij:

S11 = S22, S12 = S21 (3.16a)

S13 = S31 = S23 = S32 (3.16b)

|S11|2 + |S22|2 + |S33|2 = 1. (3.16c)

These equations simplify the calculation, and the scattering matrix S can be
given by

S ≈

 −i δ0
2

1− i δ0
2

i
√
δ0δr

1− i δ0
2

−i δ0
2

i
√
δ0δr

i
√
δ0δr i

√
δ0δr 1− δ0δr − i2δr

 , (3.17)

where δ0 = ωCcZ0 and δr = ωCcZr, and we assume that δ0, δr ≪ 1 (δ0, δr ∼ 0.01
in our case).

1S† is the adjoint matrix of S
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3.2.2 Reflection Coefficient Γr of a λ/4-Resonator Termi-
nated by a SQUID

We now connect port 3 to one end of the λ/4-resonator, the other end of which
is terminated by the SQUID represented as the magnetic flux variable inductance
LΦ, namely ZL = iωLΦ, as shown in Fig. 3.3 (b). For the case where αl ≪ 1,
ω = ω0 + ∆ω(∆ω/ω0 ≪ 1) and ωLΦ/Zr ≪ 1, in the same fashion as in Subsec.
3.1.2, the input impedance Zin looking out from port 3 can be written as:

Zin ≈ Zr

αl + i
(
ωLΦ

Zr
+ π

2
∆ω
ω0

) . (3.18)

Due to the impedance mismatch, there is reflection at port 3, and the reflection
coefficient Γr(= a3/b3) from the load Zin can be given by

Γr =
Zin − Zr

Zin + Zr

=
1− αl − i

(
ωLΦ

Zr
+ π

2
∆ω
ω0

)
1 + αl + i

(
ωLΦ

Zr
+ π

2
∆ω
ω0

) . (3.19)

For later convenience, we also have the reciprocal of that in the above conditions,
which can be reduced to

1

Γr

≈ 1 +
π

2Qi

+ i2

(
ωLΦ

Zr

+
π

2

∆ω

ω0

)
, (3.20)

where we use Eq. 3.15.

3.2.3 Transmission Coefficient t21

In terms of energy flow, we can define the coupling quality factor Qc as follows.
The energy Estored stored in the resonator oscillates with a frequency 2ω, and the
fractions, 2(ω/2π)|S31|2Estored and 2(ω/2π)|S32|2Estored, respectively, of Estored leak
from port 3 to 1 and 2, and are dissipated at the loads Z0 terminating port 1 and
2 per second. Recall the definition of Q (see Eq. 3.6), the coupling quality factor
Qc can be defined as:

Qc = ω
Energy stored in the resonator

Energy leaked from port 3 to port 1 and 2 per second

= ω
Estored

2ω/2π|S31|2Estored + 2ω/2π|S32|2Estored

=
π

|S31|2 + |S32|2
. (3.21)
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Thus, substituting the elements of Eq. 3.17 into Eq. 3.21, the coupling quality
factor Qc can be given by

Qc =
π

2ω2Cc
2Z0Zr

. (3.22)

From Eqs. 3.17 and 3.21, the following can be found:

S31 = i

√
π

2Qc

(3.23a)

S33 = 1− π

2Qc

− i2δr. (3.23b)

With the signal flow graph of the system as shown in Fig. 3.3 (c) and the
relationship of Eq. 3.16, the total transmission coefficient t21 from port 1 to 2 can
be given by

t21 = S21 +
S31ΓrS23

1− ΓrS33

= S21 +
S31

2

1
Γr

− S33

. (3.24)

Substituting Eqs. 3.17, 3.20, and 3.23 into Eq. 3.24, t21 can be finally written
as:

t21 ≈ 1−
Qt

Qc

1 + i2Qt

(
2
π
ωLΦ

Zr
+ 2

π
δr +

∆ω
ω0

)
= 1−

Qt

Qc

1 + i2Qt
f−fr
fr

, (3.25)

where Qt is the total quality factor defined as

1

Qt

=
1

Qi

+
1

Qc

, (3.26)

and fr (= ωr/2π) is the resonance frequency which can be derived based on the
imaginary part of t21 being zero at frequency f (= ω/2π) = fr, and is given by

fr =
f0

1 + 4CcZrf0 + 4LΦ

Zr
f0
. (3.27)

We find the resonance frequency of the network fr is very close to that of the
λ/4-resonator f0 (= ω0/2π).

At the resonance, the magnitude of t21 is minimized, and given by

tmin
21 = 1− Qt

Qc

. (3.28)
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Let us introduce another important parameter, the bandwidth BW of the
resonance. Equation 3.25 tells us the resonance curve has the well-known notch
shape. Therefore the BW is defined as:

BW =
fr
Qt

. (3.29)

This means that the depth of the transmission power (1−|t21|2) normalized to the
incident power at the frequency of (fr ±BW ) is half of (1− |tmin

21 |2). For Qt ≈ Qc

(or Qi ≫ Qc), the BW only depends on the Qc, and in this case, the BW can be
designed by adjusting the Qc (or Cc).

3.3 Transmission Coefficient Model of a MW-

MUX

3.3.1 Network Model of an Asymmetric Resonator

In the discussion so far, we assume that both of the characteristic impedances of
port 1 and port 2 are identical to their termination loads Z0. Thus, the resonator
is completely symmetric. However, it would be almost impossible to achieve such
a precise matching in an actual experiment. The resonance dip we measure can
be asymmetric due to impedance mismatches between the input and output ports
[47, 48]. Here, we model the case where the characteristic impedances of port 1
and port 2 are different from each other and the load impedances Z0. In this case,
the power wave from each port is reflected at each termination load, that is; we
can define the reflection coefficients Γ1 at port 1 and Γ2 at port 2. The signal flow
graph of this configuration is shown in Fig. 3.4.

3.3.2 Modification of S-parameters

Analyzing the signal flow shown in Fig. 3.4, we can easily modify the S-parameters
in Eq. 3.17 to as follows:

S ′
11 = S11 + S21

Γ2

1− S22Γ2

S12 (3.30a)

S ′
12 = S12 (3.30b)

S ′
13 = S13 + S23

Γ2

1− S22Γ2

S12 (3.30c)
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Figure 3.4: Signal flow graph under condition of impedance mismatches between
port 1 and port 2.

S ′
21 = S21 (3.30d)

S ′
22 = S22 +

Γ1

1− S11Γ1

S21 (3.30e)

S ′
23 = S23 + S13

Γ1

1− S11Γ1

S21 (3.30f)

S ′
31 = S31 + S21

Γ2

1− S22Γ2

S32 (3.30g)

S ′
32 = S32 + S12

Γ1

1− S11Γ1

S31 (3.30h)

S ′
33 = S33. (3.30i)

3.3.3 Transmission Coefficient t′21 under Impedance Mis-
matches

The transmission coefficient should also be modified to

t′21 = S ′
21 + S ′

31

Γr

1− S ′
33Γr

S ′
23. (3.31)
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With Eq. 3.30, the modified transmission coefficient t′21 can be rewritten as

t′21 = S21 +
S31

2

1
Γr

− S33

(
1 + S21

Γ1

1− S11Γ1

)(
1 + S21

Γ2

1− S22Γ2

)
. (3.32)

Assuming the impedance mismatch is small, namely Γ1,Γ2 ≪ 1, the second part
in the second term in Eq. 3.32 can be reduced to

1 + S21
Γ1

1− S11Γ1

=
1 + Γ1

1 + i δ0
2
Γ1

≈ 1− i
δ0
2
Γ1 = eiϕ1 , (3.33)

where eiϕ1 is a complex number. In the same fashion, the third part in the second
term in Eq. 3.32 can be expressed as the same form, or eiϕ2 . Let ϕ be ϕ = ϕ1+ϕ2,
thus, we can finally rewrite t′21 as

t′21 = S21 +
S31

2

1
Γr

− S33

eiϕ = 1−
Qt

Qc
eiϕ

1 + i2Qt
f−fr
fr

. (3.34)

We regard ϕ as the parameter that quantifies the impedance mismatch, and the
resonance circle is rotated by ϕ with respect to 1, namely the off-resonant point
(t21(±∞) = 1), in the complex plane.

3.3.4 Measured Transmission Coefficient T21

The measured transmission coefficient model T21 can be given by

T21 = AeiBe−i2πfτ

(
1−

Qt

Qc
eiϕ

1 + i2Qt
f−fr
fr

)
, (3.35)

where A, B, and τ are an additional gain and/or attenuation, a phase shift, and
decay time caused by the length of the cable, respectively. A comes from the net
gain or attenuation due to the cable loss and the microwave readout components
such as an amplifier and an attenuator. Those components can also cause a phase
shift of B. τ comes from the shift of the reference plane of the incident and
reflection power waves. Equation 3.35 is our transmission coefficient model of a
MWMUX in this dissertation, and used to extract the parameters, fr, Qt and Qc,
from the measurement of a vector network analyzer (VNA) sweep of transmitted
power.

3.3.5 Property of the Transmission Coefficients

At the end of this section, we describe the properties of the transmission coefficient.
In Fig. 3.5, we give an example of the plots of (a) resonance circles, (b) amplitudes,
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and (c) phases of the transmission coefficients as functions of the frequency f in the
following cases: (i) An ideal resonance t21 (Eq. 3.25), (ii) an asymmetric resonance
t′21 (Eq. 3.34), namely the transmission coefficient under impedance mismatches,
(iii) an asymmetric resonance with an additional gain A and a phase shift B,
AeiBt′21, and (iv) a measured transmission coefficient model T21 (Eq. 3.35).

3.4 Dissipationless Radio Frequency (RF) SQUID

The SQUID is built on the phenomena of flux quantization and the Josephson
effect. In this section, we will derive the equations related to the SQUID used in
MWMUX. We use an RF-SQUID as a sensitive flux-variable inductor responding
to the magnetic flux threading the SQUID loop with a period of one flux quantum
to detect the TES signals. The Josephson relations imply the Josephson junction
(JJ) acts as the flux-variable inductor, and the flux quantization tells us its re-
sponse being periodic. We start with the calculation of the flux quantization of
the superconducting loop, and the derivation of the Josephson inductance.

3.4.1 Flux Quantization

The magnetic flux Φ contained in a closed superconducting loop can only take
values that are integer multiples of the flux quantum Φ0 = h/2e ≈ 2.07×10−15Wb,
where h = 2πℏ and e are Planck’s constant and the electronic charge, respectively.
It can be easily derived as follows by using the fact that a macroscopic wave
function or order parameter Ψ(r⃗, t) must be single-valued in going once around a
superconducting loop. Consider the situation that a superconducting loop exists
in a magnetic field. Let the order parameter Ψ(r⃗, t) be

Ψ(r⃗, t) = Ψ0(r⃗, t)e
iψ(r⃗,t) (3.36)

where Ψ0
2 is the Cooper-pair density and ψ(r⃗, t) is the phase of this wave function.

According to basic quantum mechanics, the probability current J⃗ for a system in
an external electromagnetic field in SI units can be written as

J⃗ =
1

2m

(
Ψ∗ ˆ⃗pΨ−Ψˆ⃗pΨ∗ − 2qA⃗Ψ∗Ψ

)
(3.37)

where m, q, ˆ⃗p and A⃗ are the Cooper-pair mass, the Cooper-pair charge (which is

identical to 2e in this case), the momentum operator (defined as ˆ⃗p = −iℏ∇⃗ with

gradient operator ∇⃗), and the vector potential, respectively. Substituting Eq. 3.36

into Eq. 3.37 and using the fact that there exists a path where J⃗ = 0 around the



24 CHAPTER 3. THEORY OF THE MICROWAVE SQUID MULTIPLEXER

0.0 0.5 1.0
Re(t21)

0.5

0.0

0.5
Im

(t 2
1)

(a)

(b)

(c)

(i)

0.0 0.5 1.0
Re(t ′21)

0.0

0.5

Im
(t
′ 21

)

(ii)

0 5
Re(AeiBt ′21)

5

10

Im
(A

eiB
t′ 21

)

(iii)

5 0 5 10
Re(T21)

5

0

5

10

Im
(T

21
)

(iv)

20

0

Am
pl

itu
de

  (
dB

)

(i) 10

0

(ii)

4.99 5.00 5.01
Frequency  (GHz)

10

20

(iii)

4.99 5.00 5.01

10

20

(iv)

/2

/2
(i)

0

/2

Ph
as

e 
 (r

ad
)

(ii)

0

/2 (iii)

4.985 4.990 4.995 5.000 5.005 5.010 5.015
Frequency  (GHz)

(iv)

Figure 3.5: Example plots of the transmission coefficients under the assumption
that fr = 5.0GHz, Qi = 105, Qc = 2500, A = 10, B = π/4, ϕ = −π/6, τ = 30 ns.
(a), (b), and (c) are resonance circles, amplitudes, and phases of the transmission
coefficient, respectively.
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whole loop due to the supercurrent only flowing the surface of the loop, we can
obtain the phase gradient

∇⃗ψ =
2e

ℏ
A⃗. (3.38)

Moving once around a closed path inside the superconductor, the phase can only
vary by multiples of 2π. Thus, the integral of the phase gradient along the path
is given by∮

∇⃗ψ · d⃗l = 2e

ℏ

∮
A⃗ · d⃗l = 2e

ℏ
Φ = 2πn (n = 0,±1,±2, . . . ), (3.39)

and we finally find
Φ = nΦ0, (3.40)

where Φ is the magnetic flux threading the superconducting loop, quantized to Φ0.

3.4.2 Josephson Inductance

(a)

(b)

Superconductor 1 Superconductor 2

Insulator

Ψ1, ψ1 Ψ2, ψ2

Ic

Figure 3.6: (a) Schematic of a Josephson junction (SIS; Super/Insulator/Super).
Two superconductors, which are characterized by wave functions Ψ1,2 and phases
ψ1,2, are separated by insulator. (b) Circuit symbol of the Josephson junction.

The Josephson junction [49, 50] consists of two weakly coupled superconducting
electrodes as shown in Fig. 3.6. Josephson constructed the theory for Cooper pairs
tunneling between two superconductors separated by a barrier in 1962. According
to his theory, the Josephson relations, the two equations, are given as follows: the
current I flowing through a junction is caused by the phase difference δ = ψ1−ψ2
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between the two superconducting electrodes whose phases are ψ1 and ψ2, and can
be given by

I = Ic sin δ, (3.41)

where Ic is the critical current of the junction. In the presence of a voltage V across
the electrodes, the phase difference δ evolves with time t, and can be written as

dδ

dt
=

2eV

ℏ
. (3.42)

These equations imply the junction has an effective self-inductance. Substitut-
ing Eq. 3.42 into the time differentiation of Eq. 3.41, we find the voltage-current
relation as below

V =
ℏ

2eIc cos δ

dI

dt
. (3.43)

From the relation above, the Josephson inductance L(δ) can be given by

L(δ) = LJ sec δ, (3.44)

where

LJ ≡ ℏ
2eIc

=
Φ0

2πIc
. (3.45)

3.4.3 RF-SQUID: Superconducting Loop with One Junc-
tion

The RF-SQUID employs only a single junction in a superconducting loop, as shown
in Fig. 3.7. We assume that a one junction superconducting loop with its loop
inductance LS is put in an applied external flux Φa, as shown in Fig. 3.7 (b). The
total magnetic flux Φ in the loop has contributions from the applied magnetic field
Φa and from the circulating current I. Therefore Φ can be given by

Φ = Φa + LSI = Φa + LSIc sin δ. (3.46)

Let δ be the phase difference across the junction, then using Eq. 3.39, the phase
variance around the loop can be calculated as

δ +

∮
∇⃗ψ · d⃗l = δ +

2e

ℏ

∮
A⃗ · d⃗l = δ + 2π

Φ

Φ0

(3.47)

Due to the phase variance around the loop that must be multiples of 2π from the
same discussion as above, this equation must be equal to 2πn. By rearranging the
equation, δ can be written as

δ = 2πn− 2π
Φ

Φ0

. (3.48)
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Superconductor
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Φ

Figure 3.7: (a) Schematic of an RF-SQUID. (b) Circuit symbol of an RF-SQUID
with its loop inductance LS.

Substituting Eq. 3.48 into Eq. 3.46 and rearranging, the applied flux Φa into the
RF-SQUID can be written as

Φa = Φ− LSIc sin

(
2πn− 2π

Φ

Φ0

)
= Φ+ LSIc sin

(
2π

Φ

Φ0

)
. (3.49)

Let us introduce an important parameter, the hysteresis parameter, defined as

λ ≡ LS/LJ , (3.50)

which quantifies whether the RF-SQUID is hysteretic or not. To avoid hysteresis,
the total flux must be a single-valued function of the applied flux. On the other
hand, the applied flux Φa must monotonically increase with respect to the total
flux Φ regardless of the value of Φ, that is the minimum value of dΦa/dΦ must be
positive, (

dΦa

dΦ

)
min

=

(
1 + 2π

LSIc
Φ0

cos

(
2π

Φ

Φ0

))
min

(3.51)

= 1− λ > 0. (3.52)

Here we use Eqs. 3.45 and 3.50. We get the boundary condition of λ = 1. Thus,
when λ < 1, the RF-SQUID is non-hysteretic, and when λ > 1, the RF-SQUID is
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Figure 3.8: The relation between the total flux Φ and the applied flux Φa.

hysteretic and can enact flux jumps between metastable states. Figure 3.8 shows
the relation between the total flux and the applied flux for two values of λ. In our
application, λ < 1 is required, and we can adjust the two parameters, Ic and LS,
to achieve the requirement.

3.4.4 SQUID Inductance L(Φ): Flux-Variable Inductance

We use an RF-SQUID with an adjustable fractional inductance, as shown in Fig.
3.9. Here, let us introduce a fractional parameter “a” of the SQUID-loop induc-
tance. The SQUID-loop inductance LS is divided into a ration of a to (1 − a) in
parallel, therefore the total SQUID inductance L(Φ) as a function of magnetic flux
Φ threading the loop can be written as

L(Φ) = LS(1− a)
1 + aλ cos

(
2π Φ

Φ0

)
1 + λ cos

(
2π Φ

Φ0

) . (3.53)

As shown in Fig. 3.10, the SQUID inductance L(Φ) nearly sinusoidally re-
sponds to magnetic flux with a period of one flux quantum (Φ0). The peak-to-peak
change in inductance Lpp can be given by

Lpp = L(Φ0/2)− L(0) = LS(1− a)2
2λ

1− λ2
. (3.54)
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Figure 3.9: Circuit diagram of an RF-SQUID with fractional parameter a.
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Figure 3.10: Variation of SQUID inductance with input magnetic flux for LS =
9.88 pH, a = 0.579, λ = 0.3 which come from typical design values.
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3.5 Resonance Frequency Variations with Respect

to Flux Signal Input

In the discussion above, we derived the resonance frequency fr of MWMUX,
namely the quarter-wave resonator terminated by RF-SQUID in Eq. 3.27 and
the SQUID inductance L(Φ) in Eq. 3.53. Here, we describe variation of resonance
frequency with respect to the SQUID inductance change with input flux.

- 0 - 0/2 0 0/2 0
Magnetic Flux

4.6595

4.6600

4.6605

4.6610

4.6615

4.6620

Re
so

na
nc

e 
Fr

eq
ue

nc
y 

 (G
Hz

)

4.656 4.658 4.660 4.662 4.664
Frequency  (GHz)

0.0

0.2

0.4

0.6

0.8

1.0

Tr
an

sm
iss

io
n 

Co
ef

fic
ie

nt
  t

21

Figure 3.11: Variation of resonance frequency fr (left) and transmission coefficient
t21 (right) with respect to input magnetic flux for LS = 9.88 pH, a = 0.579, λ = 0.3,
Cc = 16.21 fF, f0 = 4.74GHz, Z0 = Zr = 50Ω which come from typical design
values and an assumed value of Qi = 105.

Substituting Eq. 3.53 into Eq. 3.27, the dependance of resonance frequency on
input flux can be obtained, and it is a sinusoidal function, as shown in Fig. 3.11
(left). The resonance frequency fr is maximum at the input flux of Φ = (n+1/2)Φ0

and is minimum at Φ = nΦ0, where n ∈ Z. Hence, the maximum resonance
frequency shift ∆fr caused by input flux can be calculated as

∆fr =

∣∣∣∣dfrdL
∣∣∣∣Lpp = 8λLS(1− a)2

Zr(1− λ2)
f 2
r , (3.55)

where we used Eq. 3.54. This parameter is a crucial one. In general, we target
the coupling strength, defined as η ≡ ∆fr/BW , near unity (η ≈ 1) by making full
use of the SQUID gain.
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3.6 Flux-Ramp Modulation (FRM)

The SQUID response is periodic and, therefore, nonlinear with respect to the input
signal, so a linearizing readout technique is required for SQUID operation. In the
DC-SQUID regime, the SQUID response is traditionally linearized with a mature
flux-locked loop (FLL) technique [51]. The FLL maintains the SQUID working
point at a specific bias point by feeding the SQUID output back inverted so that
an input signal is canceled out. However, the FLL requires separate feedback
wires to every SQUID, and these extra wires make multiplexing more challenging.
Therefore FLL is incompatible with our purpose of the reduction of cables.

An alternative method that is called flux-ramp modulation (FRM) has been
proposed and demonstrated [35, 34]. In the FRM regime, as shown in Fig. 3.12,
we constantly apply a periodic flux ramp to modulate the SQUID response. An
input signal added to the flux ramp can be regarded as a flux offset and induces a
phase shift in the SQUID response. Because the phase shift is linearly proportional
to the input signal, we can extract the value by tracing the phase shift. We usually
extract the phase shift by averaging data points in a cycle. Therefore the sampling
frequency in MWMUX is the ramp frequency itself. This technique is compatible
with MWMUX because all SQUIDs can be linearized with a single wire pair.

0

0

2 0

3 0

In
pu

t F
lu

x

Ramp
Ramp+Signal

Time

SQ
UI

D 
Re

sp
on

se
  Ramp

Ramp+Signal

Figure 3.12: Flux-ramp modulation.

The FRM algorithm that must identify phase shifts of the SQUID response
to flux ramp between ramp periods cannot distinguish a phase shift of more/less



32 CHAPTER 3. THEORY OF THE MICROWAVE SQUID MULTIPLEXER

than Φ/2 in one cycle. This introduces a restriction on the input signal slew rate
dItes/dt, where Ites is a current-pulse height of TES signal. A flux-input signal
Φ to SQUID in a ramp cycle ∆tramp cannot exceed Φ/2. Therefore the slew-rate
restriction can be calculated as

Φ =Min
dItes
dt

∆tramp <
Φ0

2
dItes
dt

<
Φ0

2Min∆tramp

=
Φ0framp

2Min

, (3.56)

where Min, framp are the mutual inductance between the TES signal circuit and
the SQUID, and the flux-ramp frequency (framp = 1/∆tramp), respectively.
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Chapter 4

MWMUX01: Conceptual Design
of MWMUX for Readout of a
TES X-ray Microcalorimeter

4.1 Key Component: SQUID Directly Coupled

to Resonator

4.1.1 Background

Though MWMUX is intended as a readout circuit of the next-generation large-
format TES arrays, this broadband multiplexing can be achieved only by optimiz-
ing the SQUID-resonator coupling strength to the same level at different resonance
frequencies for all channels. We have investigated MWMUX with microstrip-type
SQUID [39], which can be designed much more simply and accurately than the pla-
nar SQUIDs generally used [34]. Also, we have proposed direct SQUID-resonator
coupling with an adjustable parameter in contrast to conventional inductive cou-
pling (see Fig. 4.1). This has, however, never been demonstrated before. Here,
we give the first demonstration that the SQUID-resonator coupling strength can
be optimized simply and accurately by varying only the position of a ground-via
on the microstrip loop for all channels.

4.1.2 SQUID Design

We designed 16-channel MWMUX chips including test elements on which each
SQUID connected to a pair of terminals to inject current for the purpose of evalu-
ating of aLS, (1−a)LS and LS [39]. The chips consisted of three Nb electrode layers
with SiO2 insulation layers stacked on the Si substrate and were fabricated by Nb-
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Figure 4.1: Two ways of SQUID-resonator coupling. (a) Conventional inductive
coupling between SQUID and resonator. (b) Advanced direct coupling we have
proposed [39]. The coupling strength can be characterized by means of a fractional
parameter a [52].

based superconducting circuit technology. The critical current of the Josephson
junction Ic is designed to be 10µA, which is realized by 4µm2 area and 250A/cm2

critical current density. Each SQUID acts as a first-order parallel gradiometer,
which is formed by two symmetric stripline loops in parallel. Figure 4.2 (a) shows
a photograph of one side of the two loops, which consist of 20µm wide Nb stripline
on a ground plane. The loops are bent to prevent interference between adjacent
channels. Each loop has two stripline coils; one is connected to the resonator via
the junction and the other directly. The former and latter inductances are respec-
tively denoted by aLS and (1 − a)LS as in Fig. 4.2 (b). The inductances can be
varied by adjusting the length of the microstrip line with an inductance per unit
length Lunit given by [53]

Lunit =
µ0D

wKf

(4.1)

with

D ≈ h+ 2λL, (4.2)
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Figure 4.2: (a) A photograph of SQUID fabricated for evaluation of SQUID loop
and fractional inductances. The length from Josephson junction (JJ) to the ground
(GND) lJJ is defined as the red arrow running through the center of the strip. (b)
Equivalent circuit schematic of a SQUID. The two red arrows indicate current-
injection points. The values of aLS and (1 − a)LS can be obtained by injecting
current Iα and Iβ, respectively [52].

for our case in which the thickness of both electrodes are sufficiently larger than λL.
Here, µ0, w = 20µm and Kf = 1.1 are respectively the permeability of free space,
the stripline width and the fringe coefficient. h = 300 nm and λL = 39 nm [54]
are the thickness of the insulator, and the magnetic penetration depth of the
electrode beneath and above the insulator, respectively. Considering the loop
length l and an extra inductance Lext due to the fact that the Lunit value of the
common bridge of the parallel-loop gradiometer differs from Lunit of the main loop,
the loop inductance LS can be written in the form

LS = Lunitl + Lext. (4.3)

In our case, Lunit and Lext are calculated as 0.011 pH/µm and 0.52 pH, respectively.
To satisfy the hysteresis parameter λ ≈ 0.2, we determined that the loop length
must be l = 540µm to get the value of LS = 6.5 pH. Our goal is to demonstrate
that only varying the position of the ground via on the SQUID loop can optimize
the fractional parameter a. For this purpose, we prepared seven test elements
which have different pairs of aLS and (1−a)LS with a common value of l = 540µm.
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Each of the seven test elements has a different SQUID geometry on the basis of
lJJ = 161, 210, 245, 318, 350, 459 and 466µm, where lJJ is the length from the
junction to the ground (GND) defined as the red arrow running through the center
of the stripline in Fig. 4.2 (a).

By way of extracting each pair of inductances experimentally, a set of three
terminals for current injection is connected to each SQUID of seven test elements,
as in Fig. 4.2. One terminal is connected to the ground plane, another is connected
to the point between the junction and the fractional inductance aLS, and the
other is connected to the end between the junction and the fractional inductance
(1 − a)LS. The inductances can be extracted from the periodic response of the
SQUID as a function of the current flowing through two of these three terminals.

In conventional inductive coupling, each pixel has unique values ofM (a mutual
inductance that manages SQUID-resonator coupling) and resulting coil dimensions
of LMW (the self inductance of coil for SQUID-resonator coupling). Especially for
a large-format array, this can lead to the design complexity and deviation from
the designed LMW and M . In our advanced design method, we can change the
fractional parameters a, keeping identical structure, shape, and dimensions of the
SQUID for all pixels except only for varying the GND position. In our design
regime, the fractional parameter a could be modified in the range from 0.04 to
0.87.

4.1.3 Experimental Evaluation & Validity of Design

To validate our design in terms of a, a pair of fractional inductances aLS and
(1 − a)LS was evaluated as a function of lJJ. These inductances were extracted
by measuring the periodic θ-Iα and θ-Iβ relations by means of the frequency-
dependent transmitted signal through the microwave feedline loaded by seven kinds
of the test-element SQUID on one of the 16-channel MWMUX chips we developed.

The chip was mounted on a sample holder that was screened with a magnetic
shield and cooled in a Gifford-McMahon refrigerator down to 4K. A microwave
signal with power −50 dBm from a vector network analyzer (VNA) was injected
into the cryostat, damped via a 30 dB attenuator, and launched along the feedline.
The transmitted signal from the chip was returned to the VNA through a cryogenic
HEMT amplifier with ∼ 30 dB gain, and ∼ 7K noise temperature, and a ∼ 40 dB
gain amplifier at room temperature. A current source at room temperature was
electrically connected to the terminals on the SQUID by way of a printed circuit
board attached to the sample holder. By stepwise applying a static injection
current in the range from −2 to 2mA to the terminals of each test element and
acquiring transmission amplitude and phase at a fixed frequency, we obtained
periodic responses of the SQUID depending on the injected current and extracted
the inductances by dividing those periods by Φ0.
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Figure 4.3 illustrates the lJJ dependence of both inductances of the fractional
and total loop. Linearly with lJJ, aLS increases and (1 − a)LS decreases. From
the slope of the aLS-lJJ and (1 − a)LS-lJJ relations, Lunit is evaluated as Lunit =
0.010 pH/µm and Lunit = 0.0099 pH/µm, respectively. From these Lunit values and
Eqs. 4.1 and 4.2, the depth h+2λL is estimated to be 0.34 and 0.33µm for aLS and
(1− a)LS, respectively. This difference may be due to the distribution of h+ 2λL
on the same SQUID, resulting in the weak dependence of LS = aLS + (1 − a)LS
on lJJ shown in Fig. 4.3. From our experimental results in Fig. 4.3, the loop
inductance of LS = 6.2 pH with the extra inductance Lext = 0.90 pH was obtained.
Although the data for two of the seven test elements are incomplete, this does not
affect these results.
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Figure 4.3: Experimental SQUID inductance vs. lJJ and designed a. Blue circle,
red square and magenta triangle denote aLS, (1− a)LS and LS, respectively [52].

Figure 4.4 shows the relationship between the fractional parameters a and the
length from JJ to GND lJJ. The experimental values were obtained by dividing
the fractional inductance aLS by the loop inductance LS. Open circles denote
the experimental values of a that were obtained in the range from 0.29 to 0.77
as a function of lJJ ranging from 161 to 466µm. A solid line designates the a-
lJJ relation based on Eq. 4.3, modified by the replacement of LS and l with
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aLS and lJJ, respectively, with Lunit = 0.011 pH/µm and Lext = 0pH. Figure
4.4 indicates that the experimental a is in good agreement with the design value
within −3/ + 10%. Equation 3.55 indicates that (1 − a) should be proportional
to 1/fr in order to keep ∆fr constant.
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Figure 4.4: Experimental (open-circles) and designed (solid line) fractional param-
eter a vs. lJJ. Due to the experimental setup, two of seven test elements, lJJ = 245
and 350µm, were evaluated for only one side of the fractional SQUID loop induc-
tance. Therefore, the other sides of these were estimated by assuming that the
total SQUID loop inductance is 6.2 pH, which is the average value calculated from
the others [52].

4.2 Overall Design of MWMUX Chip for Read-

out of X-ray TES

4.2.1 Frequency Allocation

We present a summary of the design of MWMUX01 and experimental evaluations
of it. In order to take enough samples of a pulse of our TES with a rise time
of ∼ 10µs so as not to degrade energy resolution, we chose the sampling rate,
namely the flux ramp frequency framp, of 480 kHz derived from our simulation.
A resonator bandwidth BW of 3 MHz allows for a 3Φ0 flux ramp frequency of
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480 kHz, so we targeted BW≈ 3MHz. For proper readout operation, to make full
use of the SQUID gain, we designed the ratio of ∆fr/BW ∼ 1, where ∆fr is the
maximum resonance frequency shift due to the flux applied to the SQUID; ∆fr
is proportional to λLS/(1 − λ2) with λ ≡ 2πIcLS/Φ0. The experimental value of
∆fr can be shifted from the designed ∆fr if the experimental critical current of
the Josephson junction Ic and/or SQUID loop inductance LS are different from
the designed values.

4.2.2 Coupling Capacitor: Resonator-Feedline Coupling

To obtain a large BW , the coupling capacitor Cc should be enlarged. We adopt
an interdigital capacitor as shown in Fig. 4.5 (left). Using the electromagnetic
simulation software Sonnet, we investigated the relationship between the finger
length of the capacitor and capacitance, and found the relation as follows:(

Cc
1 fF

)
= 0.23

(
Dc

1µm

)
+ 0.91, (4.4)

where Dc is the finger length of the interdigital coupling capacitor. Figure 4.5
(right) shows the simulation result.
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Figure 4.5: (a) Micrograph of a coupling capacitor and the definition of the finger
length Dc. (b) The obtained coupling capacitance Cc with respect to Dc from
electromagnetic simulation.
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4.3 Performance Evaluation

Figure 4.6 (Left) shows a vector network analyzer sweep of the microwave SQUID
multiplexer with the two-port scattering parameters for transmission (|S21|2) of 16
resonators. Figure 4.6 (Right) shows the measured resonance frequency shift ∆fr
due to a flux of half of a flux quantum applied to the SQUID at the resonator
with resonance frequency of ∼ 5.29 GHz. The resonators were placed with a
spacing of 40± 4MHz. The bandwidth of the resonators was 4± 1MHz except
for six channels, which had values of ∼ 6MHz for the unloaded quality factor Qi

of 2000–9000. Also, the maximum resonance frequency shift ∆fr was ∼ 1.5MHz.
Thus, the signal to noise ratio S/N is roughly 60–70% of the design value. With
a typical input coupling of Min = 63 pH, the upper limit of an input-signal slew
rate for accurate flux-ramp demodulation [35] is about 8 A/s, which is acceptable
for the TES peak slew rate of ∼ 2 A/s.
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Figure 4.6: (Left) The measured |S21|2 as a function of frequency at a bath tem-
perature of 100mK, with −71 dBm carrier power at the input to the feedline on
the chip. (Right) The measured maximum resonance frequency shift ∆fr due
to the flux applied to the SQUID at the resonator with resonance frequency of
∼ 5.29GHz. The resonance frequency changes between the red and black lines,
and the typical value of ∆fr is 1.5MHz [55].

4.4 Single-pixel TES Readout with MWMUX01

4.4.1 Experimental Setup

Photographs of an assembled sample box for TES readout with microwave SQUID
multiplexer and its equivalent circuit are shown in Fig. 4.7.
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Figure 4.7: (a) Photograph of the cryogenic sample box containing the 4-pixel
TES chip developed in ISAS, three inductor chips, bias chip, printed circuit board
(PCB), two coplanar-waveguide (CPW) chips and the microwave SQUID multi-
plexer chip. The PCB is electrically connected to the TES-bias current source
and ramp current source at room temperature. The bias chip consists of shunt
resistances and a flux-ramp modulation (FRM) line connecting the ramp current
source at room temperature with the modulation coils formed on the microwave
SQUID multiplexer chip. (b) Photograph of the sample box covered with the
lid on which an 55Fe X-ray source is mounted. (c) Schematic representation of
one channel microwave SQUID multiplexing circuit with TES. The arrangement
corresponds to that of (a) [55].

The TES used in this experiment, developed by ISAS/JAXA [56, 57], is a
Ti (40 nm)/Au (100 nm) bilayer with a superconducting transition temperature and
a normal resistance Rn of 165mK and 60mΩ, respectively. The TES chip connects
to an inductor chip of inductance 250 nH; to a bias-chip which consists of shunt re-
sistances and a route for a flux-ramp signal; and finally to a MWMUX01 chip. The
detector bias current and the flux-ramp signal at room temperature are respec-
tively applied to the TES and the SQUIDs at the cold stage by way of a printed
circuit board attached to the sample box. The microwave tone with ∼ −71 dBm
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per tone is launched along the feedline on the multiplexing chip, through the SMA
connector with coax to a coplanar waveguide chip connected to the multiplex-
ing chip. An 55Fe for X-ray source is screwed on a lid of the sample box, and
the typical count rate on the detector is ∼ 0.8 counts/s. We mounted the sample
box, screened with a magnetic shield, in an adiabatic demagnetization refrigerator
(ADR) that provides a temperature of 90mK with a typical stability of ∼ 90µK
rms that is dominated by the accuracy of the temperature controller used.

4.4.2 Result: Pulse Detection with MWMUX01

Figure 4.8: (Left) A pulse expected from Mn Kα for the bias point of 6% of Rn

in units of quantum flux (Φ0). The bias point is defined as the resistance of the
TES (R) as a fraction of the normal resistance of the TES (Rn). (Right) The
average pulses expected from Mn Kα for nine different bias points. Their rise and
fall time constants were estimated as {39, 27, 16, 10, 8, 8, 10, 6, 5} and {104,
49, 52, 63, 70, 78, 98, 156, 209} in units of µs, respectively, in order of increasing
bias point R/Rn. We note that a model function of A exp (−(data − td)/τfall)(1−
exp (−(data − td)/τrise)) + offset was used to extract τrise and τfall, where A, td,
τrise, τfall, and offset are the amplitude, trigger time, rise time constant, fall time
constant of the pulse, and the baseline offset, respectively [55].

In the following subsections, we present the results on reading out a single
pixel with MWMUX01: the 11th channel whose resonance frequency and resonator
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bandwidth are 5.287 GHz and 4.7 MHz, respectively. The SQUID was modulated
by a 480 kHz flux-ramp with an amplitude of 3Φ0, and the output signal was
demodulated using the information for only 1.5Φ0.

We successfully detected X-ray pulses from a single-pixel TES using the MW-
MUX01 for a range of bias points between 6% of Rn and 53% of Rn, as shown
in Fig. 4.8, where Rn is the normal resistance of the TES. We found that this
microwave SQUID multiplexer was able to read out a fast signal such as a pulse
with ∼ 10µs rise time constant.

4.4.3 Result: Noise & Integrated Noise Equivalent Power
Resolution

The power spectral densities of the current noise referred to the TES output for
a range of bias points between 6 % of Rn and 53 % of Rn are shown in Fig. 4.9
(Left). The noise equivalent power (NEP) spectra for nine different bias points
are also shown in Fig. 4.9 (Right). The NEP was estimated from the ratio of
the signal to the noise at each frequency. To investigate the potential detector
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Figure 4.9: (Left) the current noise spectral densities for nine different bias points.
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√
Hz at typical bias point,

30%. (Right) the noise equivalent power (NEP) spectra for nine different bias
points.
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performance with the microwave SQUID multiplexer, we calculated an integrated
NEP resolution, that allows us to determine the achievable energy resolution under
given experimental conditions. The integrated NEP across all frequencies as a
function of bias point is shown in Fig. 4.10. From the result, we can estimate that
the achievable energy resolution is about 10–11 eV at the bias points of 6 and 13
% of Rn.
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Figure 4.10: The integrated NEP, the achievable energy resolution determined
from integrating the NEP across all frequencies, as a function of the bias point
[55].

4.4.4 Result: Single-Pixel Performance with MWMUX01

To evaluate the detector performance, we collected 998 X-ray photons from an
55Fe source at the bias point of 6% of Rn, where the integrated NEP FWHM
resolution is 11.4 eV. We applied the optimal filter to all pulses and corrected the
non-linearity of the response with a quadratic function passing through the zero
points, Mn Kα (5.9 keV), and Mn Kβ (6.5 keV) lines. We fitted the Mn Kα line
with Gaussian-convolved Lorentzians by using the maximum likelihood method,
and we finally obtained an energy resolution of 11.8 eV FWHM at 5.9 keV, as
shown in Fig. 4.11. Moreover, we successfully obtained X-ray pulses with two-



4.4. SINGLE-PIXEL TES READOUT WITH MWMUX01 45

pixel multiplexing, but they did not yield spectroscopic quality energy resolution
due to problems with the detectors themselves.
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Figure 4.11: The energy spectrum of X-ray photons from an 55Fe source detected
by a pixel with MWMUX readout. The inset is a close-up view of the Mn Kα
line (black) along with a Gaussian-convolved multiple-Lorentzian fit with FWHM
resolution of 11.8 eV (blue). The experimentally determined fine structure shapes
are from Hölzer et al. [58] (red) [55].

4.4.5 Discussion

With the microwave SQUID multiplexing readout, we obtained an energy resolu-
tion of 11.8 eV FWHM at 5.9 keV, and the estimated achievable energy resolution
from the ratio of the detector signal to the noise S/N was 11.4 eV at a bias point
of 6% of Rn. The experimental noise, the thermal noise of TES, and the read-
out noise were ∼ 250, ∼ 70, and ∼ 120 pA/

√
Hz, respectively. The excess noise

was therefore calculated as > 200 pA/
√
Hz at R/Rn = 6%, though the origin is

still under investigation. The evaluated energy resolution seems to be degraded
due to large excess noise specific to low bias points such as R/Rn = 6%. As can
be seen in Fig. 4.10, the optimum bias points are around ∼ 10% of Rn in the
present case. However, the TES developed by ISAS/JAXA is typically biased at
∼ 30% of Rn, where the typical thermal noise and the integrated NEP FWHM
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resolution estimated from the frequency-integration of NEP shown in Fig. 4.10 are
∼ 30 pA/

√
Hz and ∼ 4 eV under the readout noise of 20 pA/

√
Hz, respectively [59].

This bias point, however, was not acceptable in the present case, since the worse
integrated NEP FWHM resolution of 17.6 eV is expected at the bias point of 31
% of Rn, due to the large readout noise which is roughly a factor of four above the
typical sensor noise, ∼ 30 pA/

√
Hz. Thus, we should develop a microwave SQUID

multiplexer that has a large input coupling of Min> 180 pH which improves S/N
by a factor of more than 3, and increase ∆fr/BW to ∼ 1 which improves S/N by
a factor of 2–3. These are achievable by adopting a wider and much longer SQUID
ring, resulting in increasing both the SQUID loop inductance and the number of
turns of the signal input coil. We discuss these in the following chapter.

4.5 Summary

We developed MWMUX01 for reading out a TES X-ray microcalorimeter by in-
creasing the BW of the resonator. We give the first demonstration that the
SQUID-resonator coupling strength can be optimized simply and accurately by
varying only the position of the ground-via on the microstrip loop for all chan-
nels. With the developed MWMUX01, we successfully detected X-ray photons
from a single-pixel TES X-ray microcalorimeter and obtained an energy resolution
of 11.8 eV FWHM at 5.9 keV. By investigating the integrated NEP resolution,
we conclude that the most significant component degrading the energy resolution
is the readout noise which is higher than the detector noise. To overcome this
situation, a MWMUX with large mutual inductance between the SQUID and TES
circuit should be developed. In the next chapter, we describe the development
of MWMUX with large mutual inductance and an investigation of an undesirable
resonance that could degrade the SQUID characteristics.
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Chapter 5

MWMUX02: Low Current Noise
MWMUX

5.1 Objective of Development

In Chapter 4, with MWMUX01, we successfully detected X-ray pulses from a
single-pixel TES X-ray microcalorimeter and measured an energy resolution of
11.8 eV at the 5.9 keV Mn-Kα line. However, we did not exploit the detector’s
ability because current readout noise, 120 pA/

√
Hz, was four times larger than

that of the sensor, 30 pA/
√
Hz. In order to reduce the readout-current noise level,√

SI , to less than that of the detectors, it is necessary to develop a MWMUX with
a large mutual inductance, Min, between the SQUID and the input coil connected
to a TES microcalorimeter in series. On the other hand, a large mutual inductance
can cause undesirable resonances, which affect SQUID characteristics and degrade
SQUID performance significantly, because of the non-negligible length of the input-
coil, linput in comparison with the wavelength of an injected microwave. In the
case of the DC-SQUID, two main undesirable resonances have been reported, the
so-called input-coil resonance and the washer resonance [60, 61, 62, 63]. The
former arises when the total length of the multi-turn input-coil on a DC-SQUID
ring is equal to a multiple of the half-wavelength of microwaves generated from
the voltage-biased Josephson junctions. The latter occurs when the length of
the SQUID ring is equal to a multiple of the half-wavelength of the microwaves.
These two resonances distort the voltage-flux characteristics and degrade the noise
performance of the DC-SQUID. In the same fashion, an RF-SQUID in MWMUX
could experience those two resonances, and its performance could be degraded,
although the frequency range we use for each channel in MWMUX is very narrow
and those undesirable resonances are expected to occur rarely.

In this chapter, we design the MWMUX with the input-coil longer than the
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wavelength of the microwave-tones used for activating the MWMUX and verify
whether the SQUID characteristics and performance are degraded or not. Fur-
thermore, we develop MWMUX with low current noise.

5.2 Design

In Fig. 5.1, we show the mask-layout design of MWMUX02, which consists of eight-
channel resonators directly terminated by each RF-SQUID on the 5× 5mm2 chip.
The basic design of MWMUX01 was retained, but the number of channels was
reduced from 16 to 8 because the SQUID with the larger mutual inductance takes
up more space on the chip. Here, we briefly describe the design of MWMUX02 for
the demonstration of low-current noise MWMUX.

Figure 5.1: The mask design of MWMUX02.

5.2.1 Resonance frequency and BW

The design values of the resonance frequencies and their spacings were from 4.87
to 4.98 GHz and 16 MHz, respectively. The design BW is 2 MHz, which enables
the resonators to respond sufficiently to a 500 kHz ramp signal.
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5.2.2 SQUID, Input coil and Mutual Inductance

The SQUID forms a parallel two-loop (first-order) gradiometer, which consists of
two symmetric microstrip line lobes with a super-insulation-super (Nb/AlOX/Nb)
JJ whose critical current is designed to be 10µA. The mutual inductance Min is
designed by using the relation of Min ≈ 2NLS [64], where N is the number of
the input-coil turns formed above each SQUID loop. The factor of 2 comes from
the number of parallel loops. In order to suppress the readout-current noise to
below the typical detector noise, we targeted a Min of 360 pH, which is six times
larger than for the MWMUX01. This can be achieved by N of 11 turns and LS of
16.5 pH, for which λ is 0.5.

Figure 5.2 (a) shows a micrograph of the RF-SQUID, and (b) shows the design
drawing of the SQUID on which input and modulation coils are formed. We
provided a hole in the ground plane to define the beginning and the end of the
input coil. The characteristic impedance of the input coil, Z1, on the SQUID
ring can be calculated as roughly 30Ω. On the other hand, that on the hole is
approximately ten times higher due to the absence of screening currents below the
input wires. Thus, the input coil can be regarded as an open-ended transmission
line.

In Fig. 5.2 (c), we show the schematic representation of a SQUID coupled to an
input coil through Min. A standing wave with a wavelength of 2linput/m can occur
on the input coil, where m is an integer. The input-coil length is 51.44175mm
which corresponds to an input-coil resonance frequency, fλ/2, of 1.3GHz. The
SQUID-loop length is 4640µm, which corresponds to a washer resonance frequency
of 14GHz. Thus, the washer resonance could not occur in this configuration
because its resonance frequency is higher than the 4–8GHz frequencies used in
our MWMUX. We note that those resonance frequencies were calculated based on
the assumption that the dielectric constant of SiO2 insulator, and the magnetic
penetration depth of Nb were 4, and 39 nm [54], respectively. Figure 5.2 (d) shows
the cross-section of one of the SQUID loop on the cut indicated in Fig. 5.2 (b).
The coils had a 1.5µm width and were wound on the 30µm wide Nb SQUID loop
with a 2.5µm pitch.

5.3 Fabrication

The MWMUC02 chip was also fabricated by the CRAVITY (Clean Room for
Analog & digital superconductiVITY) of AIST (National Institute of Advanced
Industrial Science and Technology) by using the caldera planarization [66, 67].
Irimatsugawa et al. [68] reported that this process improved the Qi, which was
degraded due to the residual metallic film, especially palladium, along the CPW
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Figure 5.2: (a) Micrograph of a SQUID, which acts as a parallel two-loop (first-
order) gradiometer, coupled to an 11-turn input coil on each loop. (b) Design
drawing of SQUID, on which input and modulation coils are formed. A hole in
the ground-plane yields characteristic-impedance gaps between the input coil on
and off the hole. The length of the input coil is defined as the round-trip length
of the input coil from and back to the hole. (c) Schematic representation of the
SQUID coupled to the input coil. Both ends of the input coil can be regarded as
approximately open. Thus, standing waves can be generated on the input coil with
the half-wavelength of injected microwave tone. (d) Cross-section of the SQUID
loop, with the modulation and the input coils, on the cut indicated in (b) [65].
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resonator edge with the conventional fabrication process of MWMUX01, and Qi

values higher than 5× 104 were obtained.

5.4 Measurement Setup

The MWMUX was attached to a sample holder mounted on a cold head in an
adiabatic demagnetization refrigerator (ADR). Note the ADR used in this mea-
surement is a different one than for the measurement of MWMUX03 we mention
in the following chapters. The base temperature of the sample holder was cooled
down to 100mK at which our TES X-ray microcalorimeter is usually activated.
To confirm resonance shapes and decide probe frequencies, the transmission, S21,
across the frequency including all resonances of eight channels was measured using
a 1–20GHz vector network analyzer (VNA). The input microwave was attenuated
to about −71 dBm before being launched into the feedline. The transmission sig-
nal through the chip was amplified by a high electron mobility transistor amplifier
(HEMT) with about 35 dB gain at the 4K stage, and also by a room-temperature
amplifier which gives about 29 dB amplification over the bandwidth of 4–8GHz,
before the signal returned to the VNA. We also measured the flux dependence of
resonators by stepwise applying static (DC) injection currents into the modula-
tion line formed on the MWMUX chip. After those experiments, we measured
the mutual inductance and noise spectrum of each channel under the condition of
applying the flux-ramp modulation (FRM) with a 480 kHz frequency and a 2.5Φ0

amplitude. The tones ranging from −42.72 to 68.16MHz around a local-oscillator
(LO) frequency of 4.8936GHz were generated by a field-programmable gate array
(FPGA), and up-converted to the microwave ranging from 4.85088 to 4.96176GHz
by being mixed with an LO signal in an in-phase quadrature (IQ) mixer. The
transmission signals through the ADR were down-converted and processed in the
FPGA. Finally, we obtain a phase angle on the resonance circle, θ, as a function
of the input flux threading the SQUID loop. Applying known static injection
currents into the input coils coupled to each SQUID, we obtained the periodic re-
sponses of θ of the SQUID depending on the injected currents (I–θ characteristic).
We extracted the mutual inductances by dividing the flux quantum, Φ0, by the
current interval corresponding to a single period of the I–θ characteristic. In order
to apply the FRM, we made the reference signals for the flux-ramp demodulation
for each channel by applying a 480 kHz flux-ramp signal to all SQUIDs. A ramp
(or sawtooth) signal sharply drops at a turning point. Thus, the reference signal
is distorted somewhat at the turning point. The distorted portion of the reference
signal is not available for the demodulation, and we usually discard that. In the
noise experiment, by using 60% of the whole reference signal, we demodulated the
modulated frequency combs by tracking the phase shifts from the references.
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5.5 Results

5.5.1 Resonances and SQUID characteristics

Figure 5.3 (upper) shows a VNA sweep of the transmitted power, |S21|2, of the
eight-channel MWMUX. In Fig. 5.3 (middle), we show the trajectory of the
transmitted-power variances at the fifth channel due to the input-flux applied
to the SQUID. The resonators were spaced 14–17MHz apart, and had bandwidths
of 1.9–3.0MHz which were yielded on the internal and coupling quality factors,
Qi and Qc, of 4900–22000 and 1800–3000, respectively. In Fig. 5.3 (bottom left),
we present the trajectory of the variances of two-port scattering parameters for
transmission, S21, responding to applied flux into the SQUID at a fixed frequency
of the fifth resonator. We also show the phase angle on the resonance circle, θ as a
function of applied flux into the SQUID loop, namely, the Φ–θ characteristic. The
mutual inductances were found to be 372±1 pH from applying known current into
the input coils.

In Fig. 5.4 (A), we show a comparison between voltage-flux characteristics
affected (upper) and not affected (bottom) by the input-coil resonance for the
DC-SQUID. The input-coil resonance induces current-steps on the current-voltage
characteristic and complicated structure on the voltage-flux characteristic as shown
in Fig. 5.4 (A) (upper), resulting in unstable flux-locked-loop (FLL) operation and
increased noise. Figure 5.4 (B) shows Φ–θ characteristics of all eight channels in
MWMUX02. From Figs. 5.3 and 5.4 (B), we found that the shape of the |S21|2–f
characteristics, the trajectory of the resonance circle of the present MWMUX, and
the Φ–θ characteristics were as smooth as those of the previous one (MWMUX01)
and not distorted. This indicates that the SQUID with fλ/2 = 1.3GHz does not
suffer from input-coil resonances in the MWMUX case.

5.5.2 Flux and Current Noise

Figure 5.5 shows the flux- and current-noise spectra of all eight resonators, and
their white-noise levels. The white noise in units of flux and current was re-
spectively around 3.2µΦ0/

√
Hz and 18 pA/

√
Hz except for channel 1. The noise

performance of channel 1 was degraded to 3.8µΦ0/
√
Hz or 21 pA/

√
Hz due to the

lower Qi than the other channels. The origin of the degradation of Qi is under
investigation, but there is no significant effect on the SQUID operation as the noise
level is lower than that of the TES. The obtained current noises were six times
better than those of MWMUX01 of ∼ 120 pA/

√
Hz as shown in Fig. 5.6, and

these were below the typical TES noise level of ∼ 30 pA/
√
Hz.
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Figure 5.3: (upper) Transmitted power as a function of frequency in units of dB.
(middle) The trajectory of variances of resonance frequencies at the fifth channel
due to the input flux applied to the SQUID. (bottom left) The trajectory of the
transmission coefficient, depending on input flux, on a resonance circle in the
complex plane for the same channel. The data (cyan line) agree with a circle
(black-dotted line), and the angle on the resonance circle, θ, is defined as the
angle between the real axis and a ray passing through the center of the circle and
a datum. (bottom right) θ of the fifth channel as a function of the input flux. [65].
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(A) (B)

Figure 5.4: (A) Voltage v.s. input flux characteristics of DC-SQUID with (a) and
without (b) resonance (Source: Fig. 10 in [69]). (B) θ v.s. input flux characteristics
of the RF-SQUID in our MWMUX.
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Figure 5.5: (left) Flux and current noise spectra of all eight resonators, in units
of the flux quantum and the ampere. The current noise was calculated using the
input-SQUID mutual inductances, Min, the value of 372 pH. (right) Flux and
current white noise level of each resonator. [65].
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Figure 5.6: Comparison between current-noise spectra of MWMUX01 and MW-
MUX02 (only one typical channel is shown for each).

5.6 Discussion

In the case of MWMUX, microwaves injected into SQUIDs are monochromatic, and
their frequencies are discrete, i.e., localized near the dips of the |S21|2–f character-
istics. Therefore, it is improbable that these discrete frequencies of the microwave
tones become equal to mfλ/2. Moreover, we can prevent fλ/2 from corresponding
with the resonance frequencies of MWMUX by tuning the resonance frequencies in
the design. According to the above, we can conclude that MWMUX may not suffer
from the so-called input-coil resonance. Our experimental results show that the
input-coil length does not determine the upper limit ofMin for MWMUX contrary
our prediction [70]. In the case of MWMUX based on microstrip RF-SQUID, the
slew rate of MWMUX can be considered to determine the maximum Min. Recall
from Eq. 3.56, that the slew rate of TES X-ray microcalorimeter using MWMUX
with the flux-ramp modulation must meet (dITES/dt) ≤ (Φ0framp/2Min). Thus,
we can derive the restriction of Min to be Min ≤ Φ0framp/2(dITES/dt).
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5.7 Summary

To suppress the current-referred readout noise, we developed MWMUX02 with
a large mutual inductance of 372 pH between the RF-SQUID and input inductor
connected to the TES X-ray microcalorimeter in series. We investigated the effect
of the so-called input-coil resonance on RF-SQUID for MWMUX. As the results,
unlike the case of DC-SQUID, the SQUID Φ–θ characteristics and the readout noise
level were not clearly affected by unwanted resonances in our MWMUX. The reason
is likely due to the frequency range on each channel we use in MWMUX being very
narrow so that input-coil resonances are expected to occur rarely. The obtained
result indicates that the upper limit of Min for MWMUX is not determined by the
input-coil length, but the restriction of Min can be considered to come from the
slew rate of MWMUX. Finally, we successfully developed a MWMUX with a low
readout-current noise of ∼ 20 pA/

√
Hz, which is below the typical TES noise level.

Here, we summarize the designed and measured SQUID properties in Tab. 5.1,
comparing the previous SQUIDs (MWMUX01) and the SQUIDs of MWMUX02.

Table 5.1: Summary of SQUID’s properties

Parameters Units MWMUX02 MWMUX01
Des. Exp. Des. Exp.

LS pH 16.5 – 6.5 6.2
N – 11 11 7 7
Min pH 363 372 91 63
linput mm 51.44175 – 7.89450 –
fλ/2 GHz 1.3 – 8.5 –√
SI pA/

√
Hz – 17–21 – 120
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Chapter 6

MWMUX03 and
Low-Temperature Components
for 80-Pixel TES Readout

6.1 Design

We briefly present a summary of the design of MWMUX03. The design concept
is to read out large scale TES pixels using the 4 GHz-full-bandwidth of a HEMT
amplifier. We apply a 500 kHz flux-ramp signal to modulate the resonator to take
enough samples of a pulse of a TES X-ray microcalorimeter with a rise time of
∼ 10µs so as not to degrade energy resolution. The BW of 2 MHz is compatible
with 500 kHz flux-ramp modulation if we apply flux-ramp signal with 2Φ0 am-
plitude, and 240 resonances can be embedded in 4 GHz if the resonance spacing
is 16 MHz. For proper readout operation, to make full use of the SQUID gain,
we designed the ratio of ∆fr/BW ∼ 1, where ∆fr is the maximum resonance fre-
quency shift due to the flux applied to the SQUID. The SQUID loop inductance
and critical current are respectively designed as 9.88 pH and 10µA, and these
yield λ = 0.30. The mutual inductance is designed as 237 pH, and then the slew
rate of the MWMUX is 2.1 A/s. Six chips, each embedding 40 resonators and
SQUIDs in 5 × 20mm2, will be developed in the future. Those could cover the
full band of 4 GHz. For demonstration, we first design two chips with frequency
ranges of 4.6589 to 5.2828 GHz and 5.2989 to 5.9228 GHz, respectively. Due to
the I/Q-mixer bandwidth of 4.5–9.0 GHz, we avoided the 4.0–4.5 GHz band. In
Tab. 6.1, we summarize the design parameters of two MWMUX03 chips with re-
spect to fr, Cc, a, and Dc. In Figs. 6.1 and 6.2, we show the mask layouts and
a micrograph of the SQUID and RF filters. On the chip, neighboring resonances
were placed at every eighth space in order to reduce the effect of crosstalk. The
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FOR 80-PIXEL TES READOUT

RF filter was aimed at preventing microwaves from flowing into the TES circuit.
Also, the cut-off frequency was designed to be about 5 MHz.

Table 6.1: Design parameters of two MWMUX03 chips

Chip1: Ch41 to 80 Chip2: Ch81 to 120

fr Cc a Dc fr Cc a Dc

(GHz) (fF) – (µm) (GHz) (fF) – (µm)
4.658917 16.3 0.58 67.85 5.298866 13.2 0.63 54.40
4.674951 16.2 0.58 67.45 5.314839 13.2 0.63 54.10
4.690956 16.1 0.58 67.05 5.330817 13.1 0.63 53.80
4.706916 16.0 0.58 66.70 5.346872 13.1 0.63 53.55
4.722930 16.0 0.58 66.30 5.362863 13.0 0.63 53.25
4.738911 15.9 0.58 65.90 5.378858 12.9 0.63 52.95
4.754913 15.8 0.59 65.55 5.394836 12.9 0.64 52.70
4.770896 15.7 0.59 65.15 5.410817 12.8 0.64 52.45
4.786898 15.6 0.59 64.80 5.426820 12.7 0.64 52.15
4.802950 15.5 0.59 64.40 5.442804 12.7 0.64 51.90
4.818948 15.4 0.59 64.05 5.458808 12.6 0.64 51.60
4.834905 15.4 0.59 63.70 5.474792 12.6 0.64 51.35
4.850894 15.3 0.59 63.35 5.490869 12.5 0.64 51.10
4.866913 15.2 0.60 63.00 5.506849 12.4 0.64 50.85
4.882888 15.1 0.60 62.65 5.522827 12.4 0.64 50.60
4.898893 15.0 0.60 62.30 5.538821 12.3 0.65 50.30
4.914925 15.0 0.60 61.95 5.554790 12.3 0.65 50.05
4.930909 14.9 0.60 61.60 5.570850 12.2 0.65 49.80
4.946921 14.8 0.60 61.25 5.586806 12.2 0.65 49.55
4.962881 14.7 0.60 60.90 5.602854 12.1 0.65 49.30
4.978866 14.7 0.60 60.55 5.618794 12.0 0.65 49.05
4.994858 14.6 0.61 60.25 5.634825 12.0 0.65 48.80
5.010891 14.5 0.61 59.90 5.650826 11.9 0.65 48.60
5.026867 14.4 0.61 59.55 5.666838 11.9 0.65 48.35
5.042928 14.4 0.61 59.25 5.682839 11.8 0.65 48.10
5.058849 14.3 0.61 58.95 5.698827 11.8 0.66 47.85
5.074889 14.2 0.61 58.60 5.714803 11.7 0.66 47.60
5.090849 14.1 0.61 58.30 5.730845 11.7 0.66 47.40
5.106845 14.1 0.61 57.95 5.746793 11.6 0.66 47.15
5.122923 14.0 0.62 57.65 5.762829 11.6 0.66 46.90
5.138853 13.9 0.62 57.35 5.778826 11.5 0.66 46.70

Continued on next page
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Chip1: Ch41 to 80 Chip2: Ch81 to 120

fr Cc a Dc fr Cc a Dc

(GHz) (fF) – (µm) (GHz) (fF) – (µm)
5.154883 13.9 0.62 57.05 5.794829 11.5 0.66 46.45
5.170843 13.8 0.62 56.75 5.810791 11.4 0.66 46.25
5.186902 13.7 0.62 56.45 5.826756 11.3 0.66 46.00
5.202890 13.6 0.62 56.15 5.842787 11.3 0.66 45.80
5.218892 13.6 0.62 55.85 5.858821 11.2 0.66 45.55
5.234905 13.5 0.62 55.55 5.874810 11.2 0.67 45.35
5.250842 13.4 0.63 55.25 5.890801 11.1 0.67 45.10
5.266876 13.4 0.63 54.95 5.906745 11.1 0.67 44.90
5.282832 13.3 0.63 54.65 5.922775 11.0 0.67 44.70

Figure 6.1: Mask designs of two 40-channel MWMUX chips. Neighboring res-
onators were placed at every eighth space, i.e., the resonators were arranged as
follows: Ch41, 46, 51, 56, 61, 66, 71, 76, 42, and so on.

6.2 Fabrication

The MWMUX03 chips were fabricated in precisely the same fashion as the MW-
MUX02 chips (for detail, see Sec. 5.3).
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Figure 6.2: (a) Micrograph of a SQUID and an RF filter. (b) Micrograph of pads
on the ground plane of the CPW for airbridges.

6.3 Performance Evaluation

6.3.1 Results

The obtained results at the base temperature of 100 mK are described here. In
Fig. 6.3, we show the resonances and their spacing. We verified all 40 resonances
were yielded. The spacing was ∼12 MHz, and each chunk of 5 resonances was
spaced by roughly 30 MHz. Figure 6.4 shows the maximum resonance frequency
shifts ∆fr and bandwidth BW . The bandwidth of the resonators was distributed
around the design value of 2 MHz. Although some of them were slightly narrower
than the design, these were not expected to affect the 500 kHz FRM readout.
The maximum resonance frequency shifts were also roughly twice as small as the
design value of 2 MHz. That meant we could not make full use of the SQUID
gain, but the operation is not significantly affected. We show the quality factors
in Fig. 6.5. The internal quality factors Qi vary between 22,000 and 110,000,
and the coupling quality factors Qc vary between 1,800 and 4,900. The flux and
current noise spectra and the histogram of their white-noise level are respectively
shown in Figs. 6.6 and 6.7. The quite large 1/f noise at low frequency probably
mainly originated from two-level system noise (TLS) [71]. On the other hand, the
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obtained flux and current white noise levels were quite good, and those values were
∼ 0.9µΦ0/

√
Hz and ∼ 9 pA/

√
Hz, respectively.
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Figure 6.3: Resonances (top) and spacing of those (bottom).
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Figure 6.4: Maximum resonance frequency shifts (top) and bandwidth (bottom).
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Figure 6.5: Quality factors.
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Figure 6.6: Noise spectra.



6.3. PERFORMANCE EVALUATION 63

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
Flux white-noise level  ( 0/ Hz)

0

2

4

6

8

10

12

14

Nu
m

be
r o

f c
ha

nn
el

s

8 10 12 14 16 18 20 22
Current white-noise level  (pA/ Hz)

Figure 6.7: Histogram of the white-noise level extracted from Fig. 6.6.

6.3.2 Importance of Airbridge to Avoid Undesirable Res-
onances

We also studied the effect of airbridges bonded across the center conductor of a
coplanar feedline that connects the ground electrodes on both sides. Undesirable
resonances caused by an odd propagation mode, e.g., slot mode, can distort MW-
MUX resonances if the chip size is not negligible compared to the wavelength.
Those resonances have never appeared on the previous 5× 5mm2 chips. However,
since the size of 5×20mm2 is as large as the wavelength, we need to investigate the
effect. We studied the effect of the existence of airbridges with a GM refrigerator,
which provides a temperature of 4 K. In Fig. 6.8 (left), without airbridge, there
is a parasitic resonance in the middle of the MWMUX resonances. On the other
hand, in Fig. 6.8 (right), the airbridge works well and makes S21 flat over the full
4–8 GHz band of the HEMT. This result shows the importance of the airbridge
for avoiding a parasitic resonance in such a large chip with a size of 5× 20mm2.
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Figure 6.8: The micrographs (top) of a 40-channel MWMUX and its transmit-
ted powers (center) and those enlarged views (bottom) with/without the bonding
wire airbridge striding the feedline. Undesirable resonances caused by any odd
propagation mode of the CPW, e.g., slot mode, can distort MWMUX resonances
(left). The airbridges connecting ground planes work well and make S21 flat over
the whole 4–8 GHz band corresponding to that of HEMT (right).

6.4 Development of a 40-Channel Bias Chip for

Activating TES Microcalorimeters

A shunt resistance and damping inductor are needed to activate the TES. We also
designed a bias chip that includes a value-selectable shunt and inductor. The shunt
resistance can be selected from the values 2, 4, 10, 20 mΩ; on the other hand, the
inductance can be chosen from the values 0, 190, 230, 450, 850 nH, respectively.
The design of the chip is shown in Fig. 6.10.
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Figure 6.9: Mask design of the bias chip, which includes selectable shunt resistances
(2, 4, 10, 20mΩ) and inductors (0, 190, 230, 450, 850 nH) for each of the 40
channels, for activating the TES microcalorimeters. The chip size is 5× 20mm2.
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Figure 6.10: Circuit schematic of the bias chip shown in Fig. 6.9. There are 40
channels on the chip, and they are split up into four groups, namely group “a”,
“b”, “c”, and “d”, each containing ten channels. Due to space limitations, only
wires in group “a” are shown in the figure, but the other groups “b”, “c”, and “d”
are also wired on the actual chip. All ten channels in each group are electrically
connected in series; hence up to ten TES microcalorimeters can be simultaneously
biased with a current source connected to a pair of bonding pads, e.g., a+ and a−.

6.5 Summary

We developed a MWMUX chip with 40 channels in 5× 20mm2. All 40 resonances
were yielded, and the performance was compatible with reading out TES X-ray



66
CHAPTER 6. MWMUX03 AND LOW-TEMPERATURE COMPONENTS

FOR 80-PIXEL TES READOUT

microcalorimeters. The noise level was quite good and we obtained ∼ 9 pA/
√
Hz.

Also, we investigated the effect of an airbridge bonded across the center conductor
of a coplanar feedline that connects the ground electrodes on both its sides. As a
result, the airbridge works well and makes the baseline of the resonances flat over
the whole 4–8 GHz band. In Tab. 6.2, we summarize the designed and evaluated
values. We have achieved the targets A, B, and C set in this theses.

Table 6.2: Design targets and measurement results of developed MWMUX

Parameters BW (MHz) ∆fr (MHz) Min (pH) Noise (pA/
√
Hz) Channels

Design 2 2 237 <30 40
Results 1.1–2.7 0.8–1.3 208–212 8.5–22.4 40
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Chapter 7

Measurement Setup for Readout
of TES X-ray Microcalorimeters
with 38ch MUX

7.1 Measurement System

In Fig. 7.1, we show an overview of our measurement system. The whole system
consists mainly of a refrigerator, to cool the MWMUX and TES down below 100
mK, and microwave readout systems.

For the refrigerator, we use an adiabatic demagnetization refrigerator (ADR)
based on a pulse-tube refrigerator (PT) to reach a temperature below 100mK.
Figure 7.2 shows the AIST ADR system and its typical temperature-fluctuation
spectrum at 60mK, where we usually measure TESs. This system provides about
5–6 µKrms temperature stability when we regulate the temperature at 60mK.
The refrigerator contains 4 K, 0.5 K, and cryogenic (50 mK) stages. The PT
precools the cryogenic, 0.5 K and 4 K stages to around 2.6 K, and then the ADR
with paramagnetic salts of GGG (gadolinium gallium garnet) and FAA (ferric
ammonium alum) cools the cryogenic stage to a base temperature of 50 mK.
At the 4 K stage, the isolator and 20 dB attenuators are placed. The HEMT
provides about 39 dB gain and 2.3 K noise temperature and generates about
12 mW dissipation, and the isolator excludes 4 K thermal radiation, which is a
potential noise source. We reduce the noise temperature with 20 dB attenuators in
the microwave and flux-ramp signal lines. The microwave components, DC blocks,
10 dB attenuator, and isolator, are placed at the 0.5 K stage. The DC block
separates each stage electrically and thermally and reduces the heat load from
high-temperature to low-temperature stages. The 10 dB attenuator and isolator
reduce the noise temperature. We place the sample holder with the MWMUX and



68
CHAPTER 7. MEASUREMENT SETUP FOR READOUT OF TES X-RAY

MICROCALORIMETERS WITH 38CH MUX

TES-bias Source

PC

Room-temperature 
Electronics

Local Oscillator

Ramp wave 
Source

Rb 10 MHz 
Oscillator

Pulse-Tube 
Refrigerator

ADR

Voltage Source 
for the Coil

Voltage Source for 
ADR Magnet

HEMT amp. Circuit

TES-bias Circuit

PC for ADR System

Voltage Source for 
HEMT amp. Circuit

Temp. Monitor & 
Controller Circuit

Temp. Monitor & 
Controller

Figure 7.1: Overview of the measurement system.
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Figure 7.2: (a) AIST adiabatic demagnetization refrigerator (ADR) system. (b)
Typical spectrum of temperature fluctuation at 60mK regulation.
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TES chips at the 50 mK stage. NbTi coaxial cables for microwave and 12-pair
loom wires are used to connect the 0.5 K and/or 4 K stages to the 50 mK stage
in order to reduce the heat load.

FPGA
(Xilinx KCU105)

DAC/ADC
(AD-FMCDAQ2-EBZ)

To ADR

From ADR

SSB I/Q 
Mixers

RF Amplifiers

Bias Tees

LPFs
Isolators

Figure 7.3: Photo of the room-temperature electronics.

A photograph of the room-temperature electronics and the circuit diagram of
its system are shown in Figs. 7.3 and 7.4, respectively. The electronics-processing
headquarters consisting of FPGA (Field Programmable Gate Array), and 14-bit
ADC/DAC (Analog-Digital/Digital-Analog Converter) generates frequency combs
in a ±400 MHz range. The combs are mixed with a carrier wave from a local
oscillator (LO) by an In-phase/Quadrature (I/Q) mixer, and up-converted to the
frequency range of 4–8 GHz. In order to reduce the thermal noise, the up-converted
frequency combs are attenuated by 20 and 10 dB attenuators and launched into
the feedline of the MWMUX. The flux-ramp modulated output signals from the
MWMUX are amplified by a 4–8 GHz bandwidth HEMT at the 4 K stage and
come to the outside of the ADR. After being down-converted at the I/Q mixer
and boosted by RF amplifiers with 30 dB gain at room-temperature, the flux-ramp
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modulated combs are converted to a digital signal, demodulated and processed at
the ADC and FPGA.

HEMT
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FPGA PC
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-10 dB Att. DC block
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Flux ramp source

TES bias

Figure 7.4: Circuit diagram of MWMUX readout testbed.

7.2 Low-temperature Setup

Figure 7.5 shows the cryogenic setup and the microwave components in the ADR.
The sample holder contains two MWMUX chips, two bias chips, the TES array,
and a printed-circuit board (PCB) developed for microwave readout. The TESs
are connected to the MWMUX chip via the bias chip, which consists of shunt
resistance, inductor, and flux-ramp modulation line, with Al bonding wires. The
shunt resistance activates a TES by providing bias voltage; the design value is
2mΩ but measured as 2.8mΩ. The inductor electrically damps the TES signal,
and the design value is 850 nH. The substrate of the PCB is made of AD1000
with a dielectric constant of 10.35, which is almost the same as that of Silicon
and has a low loss for the GHz range. A nano D-sub connector and four SMA
connectors are soldered to the PCB. The nano D-sub connector is electrically
connected to a TES bias current source at room temperature, and two of the four
SMAs carry microwave combs, and the others are for flux-ramp modulation. The
sample holder is covered with a lid on which an 55Fe X-ray source and a coil formed
by superconducting wire are mounted. The X-ray source has a half-life of about
2.7 years and decays into 55Mn by electron capture with a probability of 100%,
and fluorescent lines such as Mn Kα and Mn Kβ are radiated. The coil provides
a magnetic field to cancel out the residual field in the ADR environment in order
to maximize the TES pulse height. The input impedance of the coil connected to
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the voltage source at room temperature is 426Ω. We have not calibrated the coil,
i.e., we do not know the absolute values of the magnetic field generated by the
coil. Thus, we use the voltage values when we refer to the magnetic field applied
by the coil below. When mounting the sample holder, we use a Cryophy magnetic
shield to shield the entire cryogenic stage from the external magnetic field.
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MW in

MW out
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Flux Ramp 
in

Flux Ramp 
out

TES
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40ch MWMUX Chip

Bias Chip

Oxygen-Free Cu sample holder

55Fe X-ray 
Source

210-turn 
SC Coil

0.5 K

50 mK

58.5 mm

Figure 7.5: Low-temperature setup and microwave components at the cryogenic
stage of the ADR.

7.3 TESMicrocalorimeter: SRONKilo-pixel Uni-

form Array

For the TES X-ray microcalorimeter to evaluate the performance of our developed
MWMUX readout system, we use a 32×32 Ti/Au bilayer TES array detector chip
developed for the X-IFU instrument on the Athena X-ray observatory at SRON
[72, 73] (Fig. 7.6). Only 256 out of 1024 pixels are connected to wire-bonding
pads. The chip size is 15× 19 mm2. The TESs have a high aspect-ratio dimension
of 120× 40 µm2, and the absorbers consist only of Au with 2.3µm thickness and
240 × 240 µm2 size. The nominal transition temperature and normal resistance
are around 110mK, and 100mΩ, respectively.
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Figure 7.6: A 1024-pixel (32×32 pixels) Ti/Au TES X-ray microcalorimeter array
developed by SRON as a backup option for the X-IFU instrument on the Athena
X-ray observatory to be launched in the early 2030s. Note that only 256 out of
1024 pixels are wired to the bonding pads due to the physical space of the chip.
The chip size is 15× 19 mm2.

7.4 MWMUX Setup

We use two 40 ch MWMUX chips whose channel numbers are designated 41 to 80
ch and 81 to 120 ch, respectively. The TES array pixel maps are shown in Fig. 7.7;
the left and right indicate the TES pixel and MWMUX channel numbers. In this
experiment, we evaluate the TES pixels connected to the MWMUX with channel
numbers from 41 to 80 ch.

For the preparation of the TES readout measurement, we generate 40 frequency
combs with appropriate power and frequencies and prepare the references of flux-
ramp demodulation signals by the following procedure. First of all, we measure
the VNA sweep of the MWMUX (Fig. 7.8) and resonance frequency shifts (∆fr),
due to half a flux quantum applied to a SQUID, of all 40 resonances by applying
DC flux to the SQUIDs via the FRM line. From the result, we choose the 40 comb
frequencies as the center frequencies of the frequency shifts and generate combs
injected into the ADR by the room-temperature electronics, as we described above.
Next, we take I/Q data by again applying DC flux to the SQUIDs via the FRM
line to seek the centers and amplitudes of the I/Q circles (Fig. 7.9). We extract
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the phases θ from the I/Q data circles, and we regard these phases as the SQUID
responses. Finally, we make the references of the flux-ramp demodulation signals
(Fig. 7.10) by applying the flux-ramp signal to all SQUIDs without TES signal
inputs. Utilizing the information of the references corresponding to the ramp
amplitude of ∼ 1.7Φ0 out of the total of ∼ 2Φ0, we demodulate the modulated
frequency combs by tracking the phase shifts from the references.

We optimize the injection power per comb by measuring the noise spectra of
the MWMUX. The junction has an optimum bias power due to its critical current.
Figure 7.11 shows the white noise levels with respect to comb power per comb
injected into the ADR. This result indicates that the optimum power per comb
is around -37 dBm, and we use microwave combs with -37 dBm throughout the
measurement. The power injected into the ADR is attenuated by 34.5 dB before
launching along the feedline of the MWMUX. The attenuation of 4.5 dB and 30
dB out of 34.5 dB come from the cryostat cable loss and 10 and 20 dB attenuators.
Thus, the microwave with -71.5 dBm/comb is finally launched along the feedline
of MWMUX.
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Figure 7.8: Transmission |S21| of all 80ch resonances as a function of frequency.
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Figure 7.9: The SQUID response in the I/Q plane with respect to DC signals from
the FRM line (only Ch41 and 42 are shown).
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the ADR (only one channel is shown). Note that the power is attenuated by about
34.5 dBm from the value before launching along the feedline on the MWMUX.
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Chapter 8

Readout of TES X-ray
Microcalorimeters with 38ch
MUX

We measured 38 TESs out of the SRON 1024-pixel array with the developed 40ch
MWMUX. A TES is sensitive to a magnetic field, and the performance can be
affected due to the critical current of TES being degraded by the field. In general,
the magnetic field remnant at the detector stage is canceled out by applying an
external magnetic field onto the TES surface actively. We used a superconducting
coil to cancel out the residual magnetic field, which we expected to be generated
by the 55Fe X-ray source above the detector. The pulses were collected, and the
energy resolutions were assessed by applying the optimal filtering processing and
some corrections. Here, we describe the results of the TES readout experiment
with our developed 40ch MWMUX.

8.1 Optimization of Magnetic Field

8.1.1 IV Characteristic on Magnetic Field

The TES performance is degraded by the residual magnetic field [74] due to the
transition slope dR/dT being reduced or TES gain being suppressed. Therefore
we actively applied a field generated by the coil to cancel it out. According to a
preliminary experiment, the source of the residual magnetic field was considered
to be the 55Fe X-ray source above the detector. To evaluate the residual magnetic
fields on each TES pixel, we first measured TES current-voltage (IV) characteris-
tics by applying a magnetic field from the coil. In the data acquisition, we applied
voltages from -5 to 0 V to the coil, and we measured the current through the
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TESs while changing the bias current applied to the TESs. The results of the IV
measurement are shown in Fig. 8.1, and Fig. 8.2 shows a closer view of the IV
characteristics of Ch41. The behaviors of Ch46 and 51 were extraordinary, most
likely due to problems with the detectors themselves. Thus, we discarded those
channels, and we decided to measure only the other 38 pixels in the following mea-
surements. From the IV characteristics, the normal resistance Rn of TESs and the
parasitic resistance Rp were found to be roughly 83mΩ and 1.2mΩ, respectively.
We calculated the dissipation of all 38-pixel TESs at the specific bias point, which
was defined as the ratio of the resistance of working point to that of the normal
state, R/Rn, where R is the resistance of the working point. As an example, the
dissipation of all 38-pixel TESs at a bias point of R/Rn ≈ 20% is shown in Fig.
8.3. The maximum dissipation indicates that we could take full advantage of the
TES and that the magnetic field is the optimum value to cancel out the residual
field.

8.1.2 Pulse Shape Dependance on a Magnetic Field

We also measured pulse heights and fall-time constants while changing the applied
magnetic field. About 100 pulses from the Mn Kα line in a typical channel (Ch48)
were collected and averaged, and the amplitude Aave and the fall-time constant
τfall were extracted by fitting the following average pulse model to the averaged
Mn Kα pulse.

Pave(t) = Aavee
− t−tshift

τfall

(
1− e

− t−tshift
τrise

)
, (8.1)

where tshift and τrise are the shift from the trigger time and the rise-time constant,
respectively. The obtained averaged pulses of Ch48 with respect to the different
fields are shown in Fig. 8.4. Also, the pulse amplitudes and fall-time constants are
shown in Fig. 8.5; the maximum and minimum values of those parameters were
around 1.1Φ0 and 390µs. Furthermore, we also obtained a rise-time constant of
roughly 10–20 µs. We do not know about the amplitude, but the fall and rise time
constants agree reasonably well with the values SRON expects.

8.2 Optimization of TES Bias Point

TES characteristics such as gain and/or noise depend on the detector’s working
point. Here, we investigated the optimum bias point, at which the TES attains
its potential energy resolution, by calculating an integrated noise equivalent power
resolution ∆ENEP given by Eq. 8.2 at each R/Rn bias point.

∆ENEP = 2
√
2 ln 2E

(∫ ∞

0

4df

NEP (f)2

)− 1
2

(8.2)
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Figure 8.1: The IV characteristic of forty TESs. The behaviors of Ch46 and 51
are extraordinary and not suitable for readout TES signals.
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Figure 8.2: The IV characteristics of Ch41 with respect to different magnetic fields.
The colors indicate the differences in the applied magnetic field.
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Figure 8.3: The dissipation of all 38-pixel TES at the bias point of 20% calculated
from IV characteristics. The differences in maximum dissipation between channels
could indicate the differences in the shunt resistance.
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Figure 8.5: The amplitudes and fall time constants extracted from the averaged
pulses under different fields of Ch48.
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where NEP (f) is defined as NEP (f) ≡
√
2NS(f)/PS(f), NS(f) and PS(f) are

the noise spectrum and pulse spectrum, respectively. E is the expected energy, and
now we consider the X-ray photon to be from Mn Kα. Therefore E is regarded
as EMnKα, where EMnKα is the energy of the Mn Kα line. We collected about
100 pulses and noise records of the Mn Kα line from the pixel in Ch72, as a
representative TES, at bias points R/Rn from 10% to 30%, and estimated the
integrated NEP resolution for these. The results shown in Fig. 8.6 indicate that
we could exploit the TES’s full ability at a bias point of around 20% of R/Rn.
Thus, we set the bias point at around 20% of R/Rn in the following pulse collection
measurement.
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Figure 8.6: NEP resolution of Ch72 at different bias points.

8.3 Pulse Collection

Due to the gradients of the residual magnetic field and field applied by the coil,
we could not optimize the field and TES bias point simultaneously for all pixels.
However, we adopted the voltage applied to the coil of 2.67V, and TES bias point
of around 20%, and we stored pulses from 55Fe in about 3 hours. We successfully
detected X-ray photons on all 38 pixels, and we show the obtained averaged pulses
of Mn Kα in Fig. 8.7 and also the noise spectra in Fig. 8.8. The rise-time and
fall-time constants of the averaged pulses were respectively 10–20 µs and 350–500
µs for all pixels. We have not understood what causes pulse shapes to be different
from pixel to pixel, although the candidates are expected to be poor uniformity of
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TES pixels, a gradient of the residual magnetic field and/or temperature on each
pixel, and differences in bias point. The noise spectra differ between pixels, but all
of them are below the noise of the MWMUX. The difference in the noise spectrum
between pixels could come from the difference in pulse shape.
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Figure 8.7: The averaged pulses of all 38 pixels.
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84
CHAPTER 8. READOUT OF TES X-RAY MICROCALORIMETERS WITH

38CH MUX

Using the data sets of Mn Kα pulses, we constructed an energy spectrum and
evaluated an energy resolution, or a precise determination of the pulse height, of
the detector. In the following, we describe how the pulse heights were estimated
and how we evaluated the energy resolution from the obtained energy spectrum.

8.3.1 Optimal Filtering

To reach the theoretical energy resolution of the TES, we generally apply so-called
optimal filtering [75] to pulse data. In this processing, we use not only the pulse-
peak value but also the complete information of the pulse. We assume that all the
pulses have the same shape, and the noisy data D(t) we acquire in an experiment
can be given by

D(t) = H × S(t) +N(t), (8.3)

where H, S(t), and N(t) are the optimal pulse height estimate, the pulse shape
model, and the noise in the time domain, respectively. We transfer the expression
above into the frequency domain and define the test function χ2 to be minimized
as

χ2 ≡
∑ |D(f)−H × S(f)|2

|N(f)|2
(8.4)

in the same fashion as the least-squares method. The deviation of χ2 with respect
to H to be zero yields that the optimal estimation of the pulse height H can be
written as

H =

∑
D(f) S∗(f)

|N(f)|2∑∣∣∣ S(f)N(f)

∣∣∣2 , (8.5)

where S∗(f) is the complex conjugate of S(f). This equation can be transferred
back into the time domain, and we finally find the optimal estimation of the pulse
height H as

H =
∑

D(t)× T (t). (8.6)

Here we discard the constant coefficient of
∑

|S(f)/N(f)|2 for simplicity. T (t) is
a template for the optimal filtering and defined as

T (t) ≡ F−1

[
S∗(f)

|N(f)|2

]
, (8.7)

where F−1 denotes the inverse-Fourier transformation. For S(t) and N(f), we
usually use an averaged pulse and averaged noise spectrum density. In our com-
munity, we call the optimal filtered pulse height estimate the pulse height ampli-
tude (PHA). Therefore, we use this expression in the following context. Figure 8.9
simply shows the flowchart of the signal processing with optimal filtering. In the
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processing, we produce an energy spectrum from the obtained pulse data by the
following procedure:

PHA

En
er

gy

MnKa:5894.4 eV
MnKβ:6486.4 eV

0 eV

PHA = ∑ D(t) × T(t)

PHA (a.u.)

C
ou

nt
s

MnKa
MnKβ

D(t) = PHA × S(t) + N(t)

Time

Pu
ls

e 
he

ig
ht

Time

Te
m

pl
at

e

T(t) ≡ ℱ−1 [ S*( f )
|N( f ) |2 ]

Sp
ec

tru
m

Frequency

N( f )S( f )

*

①

②

③

C
ou

nt
s

PI (eV)

MnKa
MnKβ

④① Construction of a template T(t) from the 
spectrum of the average pulse of MnKα and 
the averaged noise spectrum. 

② Creation of data set of PHA (pulse height 
amplitude) by calculating inner products of 
all raw pulse data D(t) and the template T(t) 

③ Construction of ``Gain curve,’’ that is the 
relation between PHAs and the energies, 
with the three points of 0, 5.9, and 6.5 keV 

④ Translation from PHA to PI (pulse 
invariant) in unit of energy by using the 
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Figure 8.9: Flowchart of the signal processing with optimal filtering.

1. We first create a template T (t) used as the optimal filter with the spectrum
of the averaged Mn Kα pulse S(f), and the averaged noise spectrum N(f).
There is a lot of flexibility to create T (t). We can apply some filters such
as low- and/or band-pass filters to S(f) in order to find an appropriate
template.
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2. We calculate the cross-correlations of all noisy pulses D(t) and the template
T (t) created above to construct the PHA data set. To mitigate the arrival-
time effect, we calculate the lag-correlations to estimate authentic PHA (see
Subsec. 8.3.2).

3. After applying gain-drift correction (see Subsec. 8.3.3), if we need, we con-
struct a “Gain curve” that is the translation function to convert PHA to PI
(pulse invariant) in the unit of energy. The “Gain curve” is here constructed
by fitting a quadratic function to the three points of 0, 5.9 (Mn Kα), and
6.5 keV (Mn Kβ).

4. We translate PHA to PI with the “Gain curve,” and we obtain the energy
spectrum.

8.3.2 Construction of PHA Data Sets

We estimate a real pulse shape by reproducing it from a finite number of sampling
points. Thus we cannot know the exact X-ray photon arrival time. A difference
between an X-ray photon arrival time and the clock sample time appears to cause
small differences in the pulse shapes, and this arrival-time effect can degrade the
energy resolution due to misjudging the exact pulse shape. To correct this effect,
we applied 3-dB filtering and a lag correlation when we constructed the template
for optimal filtering and estimated the PHA by correlating raw pulses with this
template.

The 3-dB filtering cuts off the high-frequency side of the pulse spectrum by
a low-pass filter and damps the template, which reduces the contribution of the
pulse-rise slope to the pulse estimation and mitigates the effect of not knowing the
exact arrival time. In the lag correlation regime, we constructed 5-lag correlations
between raw pulses and template by correlating raw pulses and template shifted
by a sample, whose interval was 2µs, with respect to the trigger point. Fitting
a quadratic function of 5-lag correlations as shift points to the values, we could
estimate the lag where the PHA is maximum.

In this experiment, low-frequency noise could affect energy resolution. Thus we
also applied a zero-frequency DC-offset filtering, which reduced the contribution
of the DC offset by making the DC offset in the frequency domain be zero when
we created the templates. In Fig. 8.10, we show the templates of all 38 pixel
TESs generated by using their averaged pulse (Fig. 8.7) and noise spectra (Fig.
8.8). We show an example of the effects of these three corrections: zero DC-offset
filtering, 3-dB filtering, and 5-lag correlations, in Fig. 8.11.
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Figure 8.10: Templates of all 38 pixels used in this experiment.
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3-dB filtering, and 5-lag correlations.
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8.3.3 Gain-drift Correction

The gain of a TES can vary over time due to factors such as a large-time scale
temperature drift of the cryogenic stage and/or room-temperature electronics, and
this effect can also affect the energy resolution if left uncorrected. We corrected
this effect by following the method suggested by J. W. Fowler [76]. In Fig. 8.12
(top right), we show the correlation between baseline and PHA of Mn Kα1 and
Mn Kα2 before treating the correction. The baseline is defined as the mean value
of the pre-triggered pulse-absent data. The correlation is linear in the baseline,
and Mn Kα1 and Mn Kα2 are clearly separated off. Those lines are however
not perpendicular to the PHA axis, hence the PHA histogram, or the correlation
projected to the PHA axis, looks like a lump as shown in Fig. 8.12 (top left) and
causes the degradation of energy resolution. We correct the PHA to remove the
correlation by using the following equation

PHA′
j = PHAj[1 + αDC(Bj −B0)], (8.8)

where PHAj and PHA′
j are the plain and corrected PHA for pulse j; B0 and Bj

are the median baseline and the baseline for that pulse; αDC is the gain slope and
is the only free parameter in the equation. The αDC is determined in such a way
that the PHA histogram is the sharpest possible spectrum. The sharpness can be
quantified by the Shannon entropy of the histogram, and we define an estimated
spectral entropy HDC as

HDC = −
Nb∑
i

fi ln fi, (8.9)

where Nb and fi are bins of a normalized PHA histogram, and the fraction of
all pulses contained in bin i, respectively. We select αDC that minimizes the
spectral entropy HDC. In Fig. 8.12 (bottom right) and (bottom left), we finally
show the correlation between baseline and corrected PHA, and the histogram of
the corrected PHA, respectively.

8.3.4 Hölzer Fit to Mn Kα Line Complex

After constructing corrected PHA data, we convert them to pulse invariant (PI)
data in units of eV by using a quadratic response function passing through the
zero, Mn Kα and Mn Kβ lines. We assessed the energy resolution via fitting the
PI data to the two-peaked shape of the Mn Kα line complex with the natural line
shape given by Tab. 8.1 [58] by using the maximum likelihood method. Our fit
model M is described as:

M =
∑
i

Am ×∆bin × Iint,i × Voigt
(
E − Ei − Eshift,

Wi

2
,

∆E

2
√
2 ln 2

)
, (8.10)
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Figure 8.12: The gain drift and correlation between baseline and PHA (only one
channel is shown as an example). The top and bottom rows are before and after
correction, respectively. In the correlation between baseline and PHA, Mn Kα1

and Mn Kα2, which are fine structures of the Mn Kα line, are clearly separated.

where the free parameters Am, Eshift, and ∆E are scale factor, energy shift, and
energy resolution, which is the full-width-at-half-maximum (FWHM) of a Gaus-
sian, respectively; ∆bin and E are the binsize and energy; Ei, Wi, and Iint,i are
the center energy, or position, width, and integrated intensities of fine structure
i come from Tab. 8.1; Voigt denotes the Voigt profile which is a probability dis-
tribution given by a convolution of a Cauchy-Lorentz distribution and a Gaussian
distribution, and is written as

Voigt(E, γ, σ) =
ℜ[w(z)]
σ
√
2π

, (8.11)

where ℜ denotes the real part, and

z =
E + iγ

σ
√
2

and w(z) = e−z
2

(
1 +

2i√
π

∫ z

0

et
2

dt

)
. (8.12)
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Table 8.1: Mn Kα line complex. Ei, Wi, Ii, and Iint are positions, widths, ampli-
tudes, and integrated intensities of the line.

Kα1 Kα2

Peak Ei (eV) Wi (eV) Ii Iint Peak Ei (eV) Wi (eV) Ii Iint

α11 5898.853 1.715 0.790 0.3527 α21 5887.743 2.361 0.372 0.2286
α12 5897.867 2.043 0.264 0.1404 α22 5886.495 4.216 0.100 0.1098
α13 5894.829 4.499 0.068 0.0796
α14 5896.532 2.663 0.096 0.0666
α15 5899.417 0.969 0.0714 0.018
α16 5902.712 1.5528 0.0106 0.0043

8.3.5 Result

Finally, we obtained energy spectra of the 5.9 keV Mn Kα line for all 38 TES
pixels as shown in Fig. 8.13. The best energy resolution and median value of all
pixels are 2.79± 0.09 eV (Figs. 8.14a and 8.14b) and 3.3 eV, respectively. We also
constructed the summed spectrum of all 38 pixels, and we evaluated the energy
resolution as 3.40 ± 0.02 eV. This 38-pixel spectrum is shown in Fig. 8.15, and
its histogram is also shown in Fig. 8.16. More details of energy spectra and
correlations of baselines and PHAs of all 38 pixels are shown in Appx. C. The
energy resolutions are shown on the pixel map in Fig. 8.17, and we cannot clearly
find any correlation between the energy resolution and the position on the map.

8.4 Summary

We simultaneously read out the 38 TESs with our developed 40ch MWMUX by
using only six wires from the room-temperature electronics to the low-temperature
cryogenic stage. The bias point and magnetic field applied to the TESs were
optimized as much as possible. We successfully detected X-ray photons from 38
pixels. The best energy resolution and the median value of all pixels were obtained
as 2.79 ± 0.09 eV and 3.3 eV, respectively. The energy resolution of the 38-pixel
summed spectrum was achieved as 3.40± 0.02 eV.
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Figure 8.13: The obtained energy spectra from all 38 TES X-ray microcalorimeters.
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Figure 8.14: The energy spectra with the best-recorded energy resolution of 2.79±
0.09 eV.
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Figure 8.16: The histogram of the energy resolutions among all 38 pixels.
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Discussion

We successfully read out 38 TES pixels with our developed 40ch MWMUX by
using two pairs of coaxial cable for microwave and flux-ramp lines and a twisted-
pair cable. The best energy resolution and the median value of all pixels at the 5.9
keV Mn Kα line were 2.79±0.09 eV and 3.3 eV, respectively. This result surpasses
the performance of the SXS instrument, which was on board the Hitomi satellite
and operated in orbit in 2016, in both the energy resolution and the number of
pixels. Furthermore, the obtained result is comparable to the requirement of 2.5 eV
with a 40-pixel FDM multiplexing readout for the Athena satellite to be launched
in 2031.

In what follows, we discuss room for consideration and prospects in terms of
energy resolution and the number of multiplexed pixels toward MWMUX on board
future satellites.

9.1 Energy Resolution

The obtained energy resolutions in Chap. 8 vary from 2.8 to 4.6 eV, and the varia-
tion is about 2 eV. Three probable factors causing the energy resolution nonunifor-
mity among pixels are considered as follows: First, poor uniformity of the detector
itself. Second, the existence of a temperature gradient among the pixels. Third,
imperfect cancellation of the residual magnetic field. These effects should be as-
sessed for a more uniform readout.

We estimated contributions of the readout noise to energy resolution by cal-
culating the integrated NEP resolutions of the noise spectra taken at a bath tem-
perature of 125 mK, which is above the TES transition temperature. These noise
spectra shown in Fig. 9.1 include not only the readout noise, but also the thermal
Johnson noise of the TES normal resistance of roughly 0.9µΦ0/

√
Hz, assuming

Rn = 83mΩ. We found the contributions of the readout noise to the energy reso-
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lutions is 1.0 to 1.8 eV as shown in Fig. 9.2. The readout noise in the MWMUX
does not affect the energy resolution, though the intrinsic energy resolution of the
detectors has not been evaluated because we have not assessed the detector in a
mature conventional DC measurement. Even in the worst case, the readout noise
contribution only accounts for 13%, which comes from the energy resolution of
3.2 eV and the readout noise contribution of 1.6 eV. We compare the readout
noise contribution obtained in our experiment with the state-of-the-art design of
the TES detector system on the Athena mission as an example of a future space
mission. In the Athena mission, the breakdown of energy resolution to achieve the
requirement of 2.5 eV is 1.9 eV for the TES detector array and 1.6 eV for the other
components [77]. The readout noise contribution of 1.3 eV, which is the median
value of our result, meets the requirement of 1.6 eV, and the worst case of 1.8
eV is even not bad, but there is a little room for improvement. We suggested a
scheme to suppress the contribution of the white noise component by increasing
the mutual inductance Min between the SQUID and the TES circuit. In Chap. 5,
we successfully enlargedMin and demonstratedMin was not restricted by parasitic
resonances. Recall from Eq. 3.56 that Min is constrained by the slew rate which
can be expressed as dItes/dt < Φ0framp/2Min. In Fig. 9.3, we show the TES slew
rate dItes/dt and that of MWMUX used in the experiment. This figure implies
Min can be roughly twice as large as the current value of ∼210 pH. As a result,
we can improve the white readout noise below ∼ 5 pA/

√
Hz.

Finally, we enumerate probable contributions to energy resolution, but we have
not evaluated them.

• The existence of a temperature gradient among the pixels

• A residual magnetic field not canceled out sufficiently

• Thermal crosstalk between TES pixels

• Electrical crosstalk between resonators

• Power saturation of HEMT at 4 K and RF components at room temperature

For future prospects, we should clear the budgets of the probable contributions
to energy resolution and optimize the readout system, including an adjustment
of the experimental environment, such as controlling the magnetic field and the
temperature.

9.2 Number of Multiplexed Pixels

We successfully read out 38 channels multiplexed using only less than 20% of
the 4 GHz-bandwidth of HEMT amplifier. We can simultaneously read out 240
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Figure 9.1: The noise spectra taken at a bath temperature of 125 mK, which is
above TES transition temperature. These spectra include the contribution of the
thermal Johnson noise of TES normal resistance. Assuming Rn = 83mΩ, the
contribution is ∼ 0.9µΦ0/

√
Hz.
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in Fig. 9.1, on each channel.
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Figure 9.3: The slew rate of Mn Kα pulses of all 38 TES pixels. These are
calculated from the maximum time derivative of averaged pulse (dItes/dt)max.

pixels with a pair of coaxial cables if the full band of a HEMT could be used.
Furthermore, a wide-band HEMT with 8 GHz-bandwidth and parallelization of
HEMTs would make it possible to increase the number of pixels by 10–100 times.
Besides, a multi-absorber TES known as a hydra, which is being actively developed
for Lynx [20], could increase the number of multiplexed pixels by 10–100 times.
In the hydra configuration, a TES has multiple absorbers with different thermal
conductances to the TES, and we can read out multiple pixels with one TES at
the same time. Utilizing those techniques, the number of multiplexed pixels read
out with a pair of coaxial cables becomes 1000–10000.

9.3 Summary

In this chapter, we discussed room for consideration and future prospects in terms
of energy resolution and the number of multiplexed pixels toward MWMUX on
board future satellites. The estimated contributions of the MWMUX readout
noise to the energy resolution were 1.0–1.8 eV and almost meet the requirement
of future astrophysical observation, and we can further suppress the contributions
by increasing the coupling between SQUID and TES and reducing the readout
current noise. Use of a wide-band HEMT, parallelization of HEMTs, and multi-
absorber TESs could increase the technological feasibility to read out 1000–10000
pixels by MWMUX with a pair of coaxial cables for microwave lines.
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Chapter 10

Conclusion

In this dissertation, we developed a microwave SQUID multiplexer (MWMUX) to
read out a transition-edge sensor (TES) X-ray microcalorimeter array for future
astrophysical observations. Through the research of this thesis, we obtained the
following achievements:

• We have developed MWMUX with large resonance bandwidth of 2 MHz.

• Using MWMUX with BW > 2 MHz, we successfully detected X-ray photons
from TESs.

• We have developed MWMUX with low noise below 10 pA/
√
Hz.

• We have developed MWMUX with 40 channel in a ∼ 640 MHz band.

• We successfully read out the 38 TES pixels with our developed 40ch MW-
MUX by using only two pairs of coaxial cable for microwave and flux-ramp
lines and a twisted-pair cable for TES bias.

• The best energy resolution and the median value of all pixels at 5.9 keV Mn
Kα line were 2.79± 0.09 eV and 3.3 eV, respectively.

• This result surpasses the performance of the SXS instrument, which was on
board the Hitomi satellite and operated in orbit in 2016, in both the energy
resolution and the number of pixels.

• The obtained result is comparable to the requirement of 2.5 eV with a 40-
pixel FDM multiplexing readout for the Athena satellite to be launched in
2031.

• The estimated contributions of the MWMUX readout noise to the energy
resolution were 1.0–1.8 eV and almost meet the requirement of future astro-
physical observations.
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For the first time in the world, we have developed MWMUX with low readout
noise, we successfully read out the 38-pixel TESs with the developed 40ch MW-
MUX, and we obtained the best energy resolution and the median resolution for all
pixels, at the 5.9 keV Mn Kα line, of 2.79± 0.09 eV and 3.3 eV, respectively. The
results in this thesis will impact X-ray astronomy by making it feasible to realize
an X-ray camera with a high precision spectrometer on each pixel for future X-ray
astronomical observatories.
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Appendix A

List of Instruments and
Components

The instruments and components used in this work were as follows:

• LNF-LNC4 8C s/n 631Z (Low Noise Factory)

• LNF-PS 3 (Low Noise Factory)

• E3630A (KEYSIGHT)

• QCY-060400C000 (QuinStar)

• DC Block 8039 (API/Inmet)

• SA18H-xx (Fairview Microwave)

• AD1000 (Arlon) processed by SHINKOU PHOTO SERVICE Co

• SMA 2985-6037 (Amphenol)

• ND2A225SSMHPG1 (Axon’)

• ND2A225PWX3W010PX (Axon’)

• SC-086/50-NbTi-NbTi (COAX CO)

• SC-219/50-CN-CN (COAX CO)

• Cryophy magnetic shield (OHTAMA CO)

• H105VFF (MTC)

• EK-U1-KCU105-G (Xilinx)
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• AD-FMCDAQ2-EBZ (Analog Devices)

• SCLPF-8400/T9000-O/O (Sogo Electronics)

• SCLPF-450/T600-O/O (Sogo Electronics)

• ZFBT-4R2GW+ (Mini-Circuits)

• PS2-14-450/8S (Pulsar)

• IQ-4509LXP (Marki)

• PSG CW Signal Generator E8247C (Agilent)

• ABL0100-01-3010 (Wenteq)

• AD-8723D (A&D)

• FS725 Benchtop rubidium frequency standard (SRS)

• WF1968 (NF)

• EXA Signal Analyzer N9010A (KEYSIGHT)

• PNA Network Analyzer E8362C (Agilent)

• AFSX3-04000800-15-10P (Miteq)

• USB-6211 (NI)

• AFG3252 (Tektronix)

• Bi-polar DC Power Supply BOP 20-20M (Kepco)

• Model 372 AC Resistance Bridge (Lake Shore Cryotronics)

• Model 218 Temperature Monitor (Lake Shore Cryotronics)

• UPS BN150XR (OMRON)

• ADQ23Q04H (Panasonic)

• ADR Cryostat Model 102 Denali (HPD)

• PT407-RM (CRYOMECH)

• CPA286i (CRYOMECH)

• EPS-002 (CRYOMECH)

• MNR-D-9-1010 (UNION ELECTRIC Co)
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Appendix B

Superconducting Microstrip Line
Inductance

The SQUID inductor is formed by a superconducting microstrip line having strip
width w, strip thickness ts, ground plane thickness tg, and dielectric substrate
thickness h as shown in Fig.B.1. W. H. Chang presented an accurate analytical
inductance formula for a superconducting microstrip line by taking into account
the fringe field [53]. This formula is valid if the aspect ratio u, defined as the ratio
of the strip width to the thickness of the substrate u = w/h, of the stripline is large
or exceeds about unity. We assume that both the strip and the ground plane are
made of the same material, that is to say, the London magnetic penetration depths
λL [54] of the electrodes are the save value. Then the superconducting microstrip-
line inductance per unit length LMS (H/m) given by Chang can be written as:

LMS =
µ0

wK(u, th)

[
h+ λL

{
coth

(
ts
λL

)
+

2
√
p

rb
csch

(
ts
λL

)
+ coth

(
tg
λL

)}]
,

(B.1)
where µ0 and K(u, th) are the permeability of vacuum and the fringe field factor,
respectively. K(u, th) is a function of the aspect ratio u and the strip thickness
normalized by the dielectric substrate thickness th = ts/h, and is given by:

K(u, th) =
2

πu
ln

(
2rb
ra

)
, (B.2)

where ra and rb are defined as follows:

ln ra = −1− πu

2
+ ln 4p−

(√
p+ 1

)2
2
√
p

ln (
√
p+ 1)+

(√
p+ 1

)2
2
√
p

ln (
√
p− 1) (B.3a)
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Figure B.1: Superconducting microstrip line structure having strip width w, strip
thickness ts, ground plane thickness tg, and dielectric substrate thickness h.

rb = q +
p+ 1

2
lnD (for u ≥ 5) (B.3b)

D = max(p, q) (B.3c)

p = 2(1 + th)
2 − 1 +

√
{2(1 + th)2 − 1}2 − 1 (B.3d)

q =
πu

√
p

2
+
p+ 1

2

(
1 + ln

4
√
p+ 1

)
−√

p ln(
√
p+ 1)−

(
√
p− 1)2

2
ln(

√
p− 1).

(B.3e)
When K ≈ 1, i.e. u is large, and ts, tg ≫ λL, LMS can be reduced to LMS ≈

(h+ 2λL)µ0/w.
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Appendix C

Energy Spectra and Gain-Drift
Correlations of All 38 Pixels
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Ch55  Before correction
FWHM = 5.61 ± 0.11 eV
NEP resolution=3.17 eV
Counts=8618
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Ch55  After correction
FWHM = 3.22 ± 0.10 eV
NEP resolution=3.17 eV
Counts=8621
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Ch56  Before correction
FWHM = 5.06 ± 0.13 eV
NEP resolution=3.26 eV
Counts=5550
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Ch56  After correction
FWHM = 3.27 ± 0.12 eV
NEP resolution=3.26 eV
Counts=5555
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Ch57  Before correction
FWHM = 3.69 ± 0.14 eV
NEP resolution=3.07 eV
Counts=4231
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Ch57  After correction
FWHM = 3.69 ± 0.13 eV
NEP resolution=3.07 eV
Counts=4231
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Ch58  Before correction
FWHM = 6.63 ± 0.16 eV
NEP resolution=3.45 eV
Counts=4727
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Ch58  After correction
FWHM = 4.06 ± 0.14 eV
NEP resolution=3.45 eV
Counts=4730
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Ch59  Before correction
FWHM = 3.99 ± 0.10 eV
NEP resolution=3.37 eV
Counts=8423
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Ch59  After correction
FWHM = 3.56 ± 0.10 eV
NEP resolution=3.37 eV
Counts=8420
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Ch60  Before correction
FWHM = 6.39 ± 0.12 eV
NEP resolution=3.15 eV
Counts=8437
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Ch60  After correction
FWHM = 3.19 ± 0.10 eV
NEP resolution=3.15 eV
Counts=8421
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Ch61  Before correction
FWHM = 4.23 ± 0.10 eV
NEP resolution=2.84 eV
Counts=8407
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Ch61  After correction
FWHM = 3.48 ± 0.10 eV
NEP resolution=2.84 eV
Counts=8410
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Ch62  Before correction
FWHM = 3.32 ± 0.09 eV
NEP resolution=2.80 eV
Counts=10379
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Ch62  After correction
FWHM = 2.88 ± 0.09 eV
NEP resolution=2.80 eV
Counts=10379
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Ch63  Before correction
FWHM = 3.79 ± 0.14 eV
NEP resolution=3.48 eV
Counts=4207
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Ch63  After correction
FWHM = 3.79 ± 0.14 eV
NEP resolution=3.48 eV
Counts=4209
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Ch64  Before correction
FWHM = 4.78 ± 0.14 eV
NEP resolution=3.46 eV
Counts=4578
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Ch64  After correction
FWHM = 3.48 ± 0.12 eV
NEP resolution=3.46 eV
Counts=4578

5.875 5.880 5.885 5.890 5.895 5.900 5.905 5.910
Energy  (keV)

10
0

10

/
1.5 1.0 0.5 0.0 0.5 1.0 1.5

Baseline  (m 0)

5.87

5.88

5.89

5.90

5.91

5.92

5.93

En
er

gy
  (

ke
V)

0

5

10

15

20

25

co
un

ts

1.5 1.0 0.5 0.0 0.5 1.0 1.5
Baseline  (m 0)

5.87

5.88

5.89

5.90

5.91

5.92

5.93

En
er

gy
  (

ke
V)

0

5

10

15

20

25

co
un

ts

0

25

50

75

100

125

Co
un

ts
 / 

0.
2 

eV

Ch65  Before correction
FWHM = 6.27 ± 0.12 eV
NEP resolution=3.18 eV
Counts=7649
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Ch65  After correction
FWHM = 3.29 ± 0.10 eV
NEP resolution=3.18 eV
Counts=7646
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Ch66  Before correction
FWHM = 4.68 ± 0.10 eV
NEP resolution=2.98 eV
Counts=8989
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Ch66  After correction
FWHM = 2.79 ± 0.09 eV
NEP resolution=2.98 eV
Counts=8985
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Ch67  Before correction
FWHM = 4.96 ± 0.12 eV
NEP resolution=2.95 eV
Counts=5626
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Ch67  After correction
FWHM = 2.91 ± 0.12 eV
NEP resolution=2.95 eV
Counts=5627
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Ch68  Before correction
FWHM = 5.87 ± 0.14 eV
NEP resolution=4.16 eV
Counts=5759
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Ch68  After correction
FWHM = 4.18 ± 0.12 eV
NEP resolution=4.16 eV
Counts=5763

5.875 5.880 5.885 5.890 5.895 5.900 5.905 5.910
Energy  (keV)

10
0

10

/

1.5 1.0 0.5 0.0 0.5 1.0 1.5
Baseline  (m 0)

5.86

5.88

5.90

5.92

En
er

gy
  (

ke
V)

0

5

10

15

20

25

30

co
un

ts

1.5 1.0 0.5 0.0 0.5 1.0 1.5
Baseline  (m 0)

5.86

5.88

5.90

5.92

En
er

gy
  (

ke
V)

0

5

10

15

20

25

30

co
un

ts

0

20

40

60

80

100

Co
un

ts
 / 

0.
2 

eV

Ch69  Before correction
FWHM = 7.89 ± 0.16 eV
NEP resolution=3.79 eV
Counts=6909
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Ch69  After correction
FWHM = 3.23 ± 0.10 eV
NEP resolution=3.79 eV
Counts=6913
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Ch70  Before correction
FWHM = 4.23 ± 0.09 eV
NEP resolution=2.96 eV
Counts=11289
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Ch70  After correction
FWHM = 3.15 ± 0.08 eV
NEP resolution=2.96 eV
Counts=11289
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Ch71  Before correction
FWHM = 3.56 ± 0.10 eV
NEP resolution=3.40 eV
Counts=8948
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Ch71  After correction
FWHM = 3.39 ± 0.09 eV
NEP resolution=3.40 eV
Counts=8948
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Ch72  Before correction
FWHM = 7.68 ± 0.13 eV
NEP resolution=3.74 eV
Counts=9568
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Ch72  After correction
FWHM = 3.57 ± 0.09 eV
NEP resolution=3.74 eV
Counts=9562
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Figure C.1: Energy spectra (upper panels) and anti-correlations between energy
and baseline (lower panels) of all 38 pixels. Those before/after application of the
gain-drift correction are shown in the left/right columns.
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