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4.1	The	Einstein	Relations	for	
Bound-Bound	Transitions

Û%Ġŉ
• 2Õ\%,�0#2�¸%ŜÈÝč$�2ô`uő

• �Í (absorption)
• ÂöľÈ (spontaneous	emission)
• ŇĝľÓ (stimulated	emission)

• ĦěŖwĔĺ©h$�2�Í�ç"�ò{ç
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 3�0@P2�SLP5

Wikipedia	(en)/1
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 3(absorption)

ÎĨçn$�2�Í%x¬5absorption	profile	
"�2"�n%¤¸5�Í�2�¸%çłė�

:GV<�Ĉ\!%�Íuő�

5�Í�ç(absorption	coefficient)"/(�
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Lower	state	i�upper	state	j"�2�
In(dw/4p)�ģÈ�2¾�ni(n)5ÎĨçn$
�2�¸%çłė"�2"�¸b�	�1
%ô`uőRij(dw/4p)�



0@P2(spontaneous	emission)

ÂīĔ$(spontaneous)īì�2ô`�

Ĉ\¾z	�1%ÂöľÈ���2
uőAji�ÎĨçn$
 upper	state	
j$
2�¸%�Í%x¬(emission	
profile) "��¾%ľÈ%x¬
hn�
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SLP5 (stimulated/induced	emission)

ŜÈ�ģÈ��¾��%:GV<�$
/1�¸%:GV<��Ü�2�"!
ŜÈ�2�
bė�Í��±ÏĔ$Ĝ�:GV<�
%¤¸�2�īì�2�

Ĉ\¾z	�1%ŇĝľÓ���2u
őBji�ÎĨçn$
 upper	state$

2�¸%ľÈ%x¬(emission	profile)
"��¾%ľÈ%x¬hn�
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MKW�HO*(thermodynamical
equilibrium;T.E.)

T.E.5jĒ�2�"!�68Y>S@8Y�çAji,	Bji,	Bij&
ĈÖ#{�Ã!Ù�2�

T.E.%ß�
• ŜÈ�ęĿĔ
• �ė�KTY={ç!�Ô�32� �
• Upper	level	j"lower	level	i$
2�¸%x¬&MVBO
Yû !Ù�2
• Absorption profile"emission	profile�Ĝ�(																										)
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T.E.��	��������";

rÎĨç$
 ľÈ��Í�2�¸%�ç�đ1¬� 
2

�

KTY={ç%�%Ċ&
#%!�2�%Ã5İ*2"

T.E.jĒ%."ĝÓ����68Y>S@8Y�ç&�¸%,$
/� �+2Ċ!	1ŜÈÝ$/0#
�Ð� �%2�%Ã&b
Į$.éŒ�2�
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Einstein	relation



(>�; (Source	function)

∂z%�Ő%z!%:GV<�Ņú5§�2�

�Í"ŇĝľÓ&".$Ī�ľÈ�ıŌ"#1ĳ%�Í"� Z��
ŇĝľÈ!Ľë��rÎĨçn%�Í�ç�

Ð� rÎĨçn%�ò{ç(source	function;	emissivity	h/opacity	c)&

Complete	redistribution5jĒ�2"� "#1��Í�ç"
�ò{ç&
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avIv hv (induced)hv (spontaneous) In

In+dIn
dz µ

�yn ≠ fn%Ý¬$�
 &13Û!Z��



LTE��	(>�;
�ØĦŖwĔĺ© (local	thermodynamical equilibrium;	LTE)%Ý¬�
upper	level j"lower	level	i%àă$
2�¸ç&MVBOYĚ�$Ð

�gė%,!�+2

�Í�ç&

LTE$�2�ò{ç&

bĮ$&nj/ni&gė�łė�ŜÈÝ%{ç"#2�
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ŇĝľÓ%Ľëª
(LTE%¾%,)

Kirchhoff-Planck	relation



4.2	The	Calculation	of	Transition	
Probabilities
Bij&Aji"Bji�0�-03���68Y>S@8Y�çÂā
$�
 ĝÓ5¨�

•  ĕŖwĔ#�¸Ś+ ĕĖÀ�w
• Ė¸&ďśãě¸!�Ô
• �Í�ç&b^$Ē+2
• �
�ó#0íė&«
��É
T8Y!&ç�za� 
2
lħè�	2

• ŕ¸ŖwĔ#�¸Ś+ ĕĖÀ�w
• Bij"Bji%Ċ&ë�
��Aji&�ÃÜ! �#


• ŕ¸ŖwĔ#�¸Ś+ŕ¸ĖÀ�w
• 3�%�ç!ëu#p
• ŁÛ!&Ë1Z4#
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)I8K.
ě
 
2nĖœ¸�0%ĖÀĨ&�
Lienard-WiechertNCY>RV/1

ŜÈ%power&Poynting vector S!Ĳ�32�

÷�ðĸ�2"�÷Ŀ¦)%ŜÈ%power	P(t)�ĝÓ�32�
(	 )

ďśãě¸!	��Ý¬�
!	2%!�¾zĺ���power&
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e
v

q =	q

=	n	x



8K.�':
ŜÈ:GV<�5Å� 
2%!��%ãě¸&�
æ� 
���æŖ&ŜÈ%:GV<�þÅĸ"#
2%!

¾zðĸ&

�

�æ�#
¾%ãěçw05ŋ
2" /1

��� (classical	damping	constant)
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,T"; (scattering	coefficient)

děĿēÃ

x5exp(iwt)$İŗ�2"§�2"�ĒÞp�ğ032�

�

���� ŜÈ%power%¾zĺ�(i.e.	µŎ!Å�÷:
GV<�)&
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,TFR<
µŎĉńð�ęĿĔ!	2"jĒ�2"�

bĿ /1

#%!�
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AFR<
5ŋ
2"

÷ÎĨç!ðĸ�2"÷ĉńð�ğ032�

��� !Ç¥Ĕ$&

ŕ¸Ŗw%�m!&

���fij&ô`%oscillator	strength"

�68Y>S@8Y�ç"
&¿%/�${���032�

16



V.W��)IJ/�
�¸%àă5Ĩě{ç !Ĳ����!�ri&�¬
� 
2Ė¸%\ċ�

&Ė¸� $ý³�2�¸�
2uő5
�-��Ĩě{ç&>SW�D7Y;�ĿēÃ%p$#2�

HPVEF6Yf¶¸& ĕŖw%HPVEF6Y"{ř��03
2�

�¸&:GV<��bĒ%ĒÞàă(¢ņàă)5½��HPVEF
6Y%¢ņĊ�¢ņ{ç�ĒÞàă%p$#2�	2ĒÞàăj$
�2p&HA5ĒÞ#�¸%HPVEF6Y"� 

�
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���������QG1��
bĮp&
��� fj&¾z$/0#
 %p!Đ£��

t=0$�2÷ %àă$�2p&�
"� 

!	1�Ĥ^%¾$�2p&

��!�%	2àăj%uő&
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=K
�¸$k%ñě.ň�03 
#
 (i.e.	H≡	HA)!	��Ý¬�aj&
Ēç�
	2NCY>RVV!�¸�ñě5Ì� 
�¾�a&¾z%{ç"
#2�

ŗ→�q%ĖÀÝ$/2Ė¸%ñě
bŊ#¾zļě�2ĖÝ %č$�¸�	2Ý
¬5§�2�
(�¸%Ć�� ~				M�6Ĭ� %�-�

%lº¤5§�2"�
�
OK)
ĖÝč%Ė¸%NCY>RV&d5�¸%dipole	moment"� 
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=K�
����������QG1

ñěh!%>SW�D7YY;�ĿēÃ&

�

�0
&f�Đ£!	2�"�0ĸŐ!�2�

>SW�D7Y;�ĿēÃ$y*m5�� �zðĸ�2�

� "Ù�"�
#%!
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J/N
�=K
ĖÀĨ$�2ñě5§�2"

!	1� 5Ù�Đ�"

ĈÖi� §�2�t=0%"��¸&¢ņàăk$	1�
5jĒ�2�+���* %T$�
 

"#2/�#¾zį]5§�2"

"#1¾zðĸ�2"[h5ğ2�
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E74N;
�?��U
®��Íoē5§� 
2%!� !	1�

ćbª: am(t)& %¾(i.e.	ŜÈ%ÎĨç��ó%ÎĨç$�

¾).�".��#2�bĿćĢª<<ćbª#%!�ćĢª&Ńº
!�2�

"��"� #%!�×~àă�k
%�¸	�1%¾t$�2ľÈ%ÎĨç %
k→m%ô`uő&¿%/�$#2�
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��������";�L5
bĮĔ#ô`uő&ÎĨçðĸ!ğ032�
%ÎĨçĵ5.���%z!ŜÈ%�ėE02�Ēç !	2/

�#Line profile	 5jĒ�2�Ĉá%ô`uő5
!ðĸ�� "�"[h5ğ2�

ĦŜÈ%Ý¬��ė�bĒ$#2ÎĨçĵDw&
bĿô`%¾z& #%!�ðĸ�z�U&�∞!/��
(ðĸĴĸ) =	p$#2� /1�

#%!�68Y>S@8Y�ç Bkm&[h$#2�
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!�AD� 3";
	2�z$	2�¸�ŜÈ%Ŀ¦$Ă� TYAQ#Ŀ¦5¦
 

2Ý¬�

!	2%! 5ğ2�
Einstein	relation�0
��! S(i,j)&line	strength!	1�lower	state	i%substate k�upper	
state	j%substatem%Õ\�Òą� 
2Ý¬5|- 

!	1�

5¹
Ó�"
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9B&.�6+
åø�¸%Ý¬$&�Ĩě{ç"oscillator	strength%pïp�."+2�
[h%4�%ŕ¸ç!åø%àă��Ô�32�
• n :	Êŕ¸ç (:GV<�)
• l :	Ŀ\ŕ¸ç (�Ğvděŕ)
• m :	À�ŕ¸ç (ŕ¸iÄ$�� �Ğvděŕ5Ęe)
• s :	?JYÀ�ŕ¸ç (�1/2)
Ā�%�¸%Ý¬(n,l)!:GV<�&_#2��åø!&Êŕ¸çn%,
!:GV<�àă�Ē+2�

R:	Rydberg	constant
&y¶Æŕ(reduced	mass)!	1�ō¸Æŕmp"Ė¸Æŕme5ŋ


 [h!��2�
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9B&.�6+�C��
Ĩě{ç&�ńďś{çYlm"radial	function	Rnl (r)5.�
 

"��2�+��30%{ç&[h%/�$�si!�2�

Êŕ¸çn$	2àă&÷ Òą� 
2�Ě�ĔÑ,&�Ŀ\ŕ
¸çl� %Ċ5"1�À�ŕ¸çm�
rnlm�?JYĿ¦s=�1/25"2%!

"#2�

26



9B&.�6+�C��
Ĩě{ç&pïĔ$�+2%!�oscillator	strength	.pïĔ$�+
2�

��!

Kramers%Õ ĕŖw!%åø%oscillator	strength&

#%!�Ç²% oscillator	strength&gI(n’,n)5Gaunt	factor"� 
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$�%B��	?��U
�¸�2�[Ü%Ė¸5½�¾�ĨěĿēÃ&Ļ�Ã!&p�#
�
NĖ¸�¸$�2HPVEF6Y:

��!&Ĩě{ç%pŀ"� [h%3�%Ŀŀ5Z�
• Hartree-Fock Method
• The	Coulomb	Approximation
• Experimental	Methods
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Ė¸%dě
:GV<�

�¸t%îĖ
NCY>RV Ė¸Ĝ·%=�XY

NCY>RV



Hartree-Fock Method
Ė¸L6%ü�	4�5rĖ¸%�àĺ�"� Z�
→rĖ¸&�¸t�0%�Ő!�+2NCY>RVč5ě��

Ð� �Ç²%NCY>RV&čâŖÝ!�»!�2�

čâŖÝ%Ý¬�>SW�D7Y;�ĿēÃ%vėª&åø%Ý¬
%/�$ĸŐ!�2�rĖ¸%Ĩě{ç&

{çUi&electron	orbitals"¡'32�
r�Ğ%Radial equation&

���Zeff(r):	effective	nuclear	charge
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Hartree-Fock Method	(C�)

I9U%ĩÿ�ŏ(Pauli	exclusion	principle)�0�r�Ğ%4�%ŕ¸
ç(n,l,m,s)&Ĝ�Ċ5Ë3#

+�2�%Ė¸%ģ3Ą�$Ă� ��¸%Ĩě{ç&ĭĂÚ!#
�3'#0#
�
Ĩě{ç5Slater	determinant5ŋ
 Ù�"�30&éŒ�2�

Ĩě{ç%p&Č¿�»!�+2�
�Ğ%äĒ → Zeff�¶ → Pnl!p� → Zeff°�¶ →…
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ç¼:	Ė¸�Ğ
<U>RĹ¼:Ė¸%
�z�?JY�Ğ



L-S	coupling

�¸%?L=EV$�2rterm&ŕ¸ç!�Ô�32�
�
�¸%Ý¬�
• ù�Ğvděŕ L
• ù?JYvděŕ S
• ùvděŕ J =	L+S
!�Ô�3� (L-S)	coupling,	Russell-Saunders	coupling"/'32�
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?��U#-
ô`uő�¶%²�1�%Ė¸���ô`�2"
�jĒ5��
¨ŘŌørij&�×~�ÏŔ¾%Ĩě{ç%ě�Ōø"vė�?JY
Ōø$ĸŐ!�2����� �line	strength&

��!

:	strength	of	the	multiplet depending	on	nLS and	n’L’S’
:	strength	of	the	line	within	the	multiplet

.�".�¶�¯ġ#%&s2���L-S	coupling5�-2².Ķ´�
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The	Coulomb	Approximation
s25�-2¾$jĒ�ıŌ�
ě�ðĸ!±.}ň�Ć�
%&r�Ć�
¾!�Ė¸�=�XYNCY>RV
č5ě�¾��%"�ðĸ&åø%Ĩě{ç5ŋ
 �»!�2�

õ��2NCY>RV%č5Z�ě�¾�enl5Rydberg!�+2:GV<�"� 
Ç¨Ĕ#ŕ¸ç& "#2�
�bĮ$nl*&êç!&#
�
Ð� �Bates	"Damgaard&s�[h%/�$��2"Á���

>YKV#%!cĎķŏ%pï!/�ŋ
032�

����Ā�%Ý¬Coulomb	approximation&ë��#
���/1ëu#ŕ¸
Ŗw�¶&¯ġ��%Ý¬�oscillator	strength	f&Ç��0�-03�ŏŚ�¶
%íė%uĥ$ŋ
03 
2�
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