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����� a�Û"� � ?�Ü�ÝPF&r�!\- Þbß�?*'H),+3à�á�¸��NE&I
q ≡ ix+ jy+kz+w, where i2 = j2 = k2 = ijk = −1. (53)

�"�v�(-
x,y,z,w

a3â � �(¡\E&I1�3% �&��� 73Þ
ß"?1'H)O+*¼[�(D3I
q = [v,w] = [(x,y,z),w] = [x,y,z,w]. (54)
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� ä p�?�å�©H� m�7/�\D�I q = [v,w], q′ = [v′,w′]
F�D1E(F3#�- �&���*æ�ç ?&è(-�é\a

�&��� ��¡xê­-:w��\a ã ?1'H)O+3à�á�¸���E&I
q+ q′ = [v,w] + [v′,w′] ≡ [v +v′,w+w′]. (55)

qq′ = [v,w][v′,w′] ≡ [v×v′ +wv′ +w′v,ww′−v ·v′]. (56)
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( í z1E/î$?�ï½ê[?bQ&R"G:ë�^
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I1��%:-

q′′ = [v′′,w′′]
F&r�%HF�#�-

(qq′)q′′ = q(q′q′′) (57)
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5�d� /ÿ�e�f (27) ô ø�g H�hji2a�b�c,5�d. 6ÿ
e�f ø A× (B×C) = (A ·C)B− (A ·B)C, (A×B)×C =

(A ·C)B− (B ·C)A 
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à � ¢ 3 ã�� åH©*� m´¼/- �6�3� ���
D�E"�
FOG"�H# E�I s 76â � ?�à � F�r�%1F3#�-&w? ���3� ���\a:- [0,0,0,s] = [0,s]
I
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3 ã�� å�©$� mgF�r�%$F3#�-�w ? ���3� ���\a�- [v,0]
I
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ß�a��	��(¡(E&I
sq = [0, s][v,w] = [sv, sw] = qs, (58)

vv′ = [v,0][v′,0] = [v×v′,−v ·v′]. (59)

s,s′
7 ����� ?�à � - p,q,q′ 7�� �1? ����� F&r�%$F3#�- Þ
ß"?*'$)f+�

��®�G�ñ òbD1E�I

p(sq+ s′q′) = spq+ spq′, (60)

(sq+ s′q′)p= sqp+ s′q′p. (61)

�&��� ?���� (conjugate)
?�à ágF6-�w�?�®"¯ba"Þ
ß"?���ê��(¡\E�I

q∗ = [v,w]∗ ≡ [−v,w]. (62)

(q∗)∗ = q, (63)

(pq)∗ = {[v,w][v′,w′]}∗ = [v×v′ +wv′ +w′v,ww′−v ·v′]∗

= [v′ ×v−wv′−w′v,ww′−v ·v′]

= [−v′,w][−v,w′] = q∗p∗, (64)

(p+ q)∗ = p∗ + q∗. (65)
� m��:?�à á FM®:¯ba"Þ
ß"?���ê �1¡\E�I

N(q) ≡ qq∗ = q∗q = w2 +v ·v = w2 + x2 + y2 + z2, (66)

N(qq′) = (qq′)∗(qq′) = q′∗q∗qq′ =N(q)q′∗q′ =N(q)N(q∗), (67)

N(q∗) =N(q). (68)
� +:- � m���G
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�(¡(E �&��� 7���� ����� (unit quaternion)
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q−1 = q∗/N(q) (69)
�"à á\D1E�I

q
G ��� �&��� �(¡\E(F3#�-

q−1 = q∗ (70)
�(¡(E&I
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�b¡\E�� � ���3� - q = [usinΩ,cosΩ]
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7 ä p&ñ��xF�D1E ����� - p= [v,0]

7����1E&I
p′ = qpq−1 = [v′,0]
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v′ =
−→
OQ
��¡bE�I��"�v�\- −→

OQ=
−−→
ON +

−−→
NV +

−−→
V Q
��¡bE:�

F/+3ì��[D1E�I���%"- −−→
ON = (u ·v)u

- −−→
NV = cos2Ω(v− (u ·v)u)

- −−→
V Q= sin2Ω u×v

��¡bE�I
' ¶6!\-

v′ = (u ·v)u+ cos2Ω(v− (u ·v)u)+ sin2Ω u×v

= (1− cos2Ω)(u ·v)u+ cos2Ω v + sin2Ω u×v. (71)

��� - ����� ?�_�`´'*ê�-
p′ = qpq−1 = [usinΩ,cosΩ][v,0][−usinΩ,cosΩ]

= [usinΩ,cosΩ][−sinΩ(v×u) + cosΩ v,sinΩ u ·v]

=[−sin2Ωu×(v×u)+sinΩcosΩu×v−sinΩcosΩ(v×u)+cos2Ωv+sin2Ω(u·v)u,0].(72)

ä p�åP©H� m��$7���ê � r&!\-�åH©�� m:����é$7� "!br&! ]�#\D1E(F6-
v′ = −sin2 Ωv + sin2 Ω(u ·v)u+ 2sinΩcosΩu×v + cos2 Ωv + sin2 Ω(u ·v)u

= 2sin2 Ω(u ·v)u+ (cos2 Ω− sin2 Ω)v + 2sinΩcosΩ u×v

= (1− cos2Ω)(u ·v)u+ cos2Ω v + sin2Ω u×v (73)
Fvzuêy- U (71)
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a�$&%1+ �&' D1E�I$'�¶/!\-�à�( II

G���¸��1% I

17 / �.0��*),+," ø*-/. Q.o�p�q ø ”Classical Mechanics” H. Goldstein 510,),86� ó -
14


