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������������������ ��!�"�#�$&%('�)�*+#
X , ��-/.�0 , 1�2 354 ��687���9;: 100

TeV <>= �@?&A�B;'&C�D��FEG�HJILK�M�N O PRQJS = H 7 < OLT 2VUXW S = HFY�Z[� ��6 WO \/] , (cosmic rays)
#FM�N&^

(
#L_`

) aV<>b�cd4eW S = H;Y
4.1 fhgjilknmpo 1qsrut v&w 354yxVz S r H{?|A&B;'C|DL#F}�~ ,�� \�] , (cosmic ray) <��L� ( �� 9;-.�0 , – �� � –

9��+��� = )
YF���*89�FK8�8�|H;Y ����<������8� `;\�] , 9 �&��� #/��e��\/]>��� �����/� � =�3d4 ��\�] , #������+� 3 4 \�] , ^ �>¡ H 7 < 9L�/Q�� = Y�����/����#�\R] , AB;'�C|D�¢£�9 ∼ 1 eV/cm3

Y
4.1.1 ¤V¥�¦¨§�©5ª�« ¬d�®R¯\�] ,�° £|#LA�BF'&C|D�*±�9²³�#��+��� 2�´VU�W S = S8�>µ�O�¶LK|�F· z � < 7�¸ �¹ 354(º ��»�K�����¼ 4�c S8� ∼ 5 × 1015 eV

#
“Knee” < ∼ 3 × 1018 eV

#
“Ankle”

O
´ ½ UyW S = H[Y�\�] ,�¾�¿RÀ/Á '89 Knee

�/ÂÄÃ = A&BF'�C8DF��9 E−2.7
����? = A�B['C+DF��9

E−3.3
��Å&Æ U�W HFY Knee < Ankle

#FÇ�ÈRÉ[�LÊ�Ë89&��Z a�Ì ÍR� S = � = Y
4.1.2 ¤V¥�¦ÏÎ[Ð Ñ\�] , (

�|� �FK
)
9&� �LÒ ��� z S8ÓFÔ 4�W H[Y �LÒÕ<XÖ�� �+�L#[N £ � v < G+H < �J×Ø ��Ù Ú5��Â

mγ
v2

r
=

evB

c
. (4.1)?8A�BF'�C8D�#F\�] , v ≈ c ��b�c H < �L6�#�A&B;'&C|D mγc2 = E <[� S�LÛÜ Ý�ÞJß&à9

2
�

r =
mγvc

Be
≈ mγc2

Be
=

E

Be
=

E

B

2mec

h̄e

h̄c

2mec2

=

(

E

10GeV

)

10GeV

(

1µG

B

)

1

1µG

1

9.3 × 10−21erg/G

2keVÅ

2 × 511keV
1 á�â�ãXäeåXæeç�è�éëê>ìîíðï�ñÄò{ó�ôöõ(÷yøúù�ûJüþý�ÿ����öå����	��
�������
2 � ø���Xû h̄e/2mec = 9.3 × 10−21 erg/gauss ����� ì�� p.25 ��� ��! �
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 \/] , < I K M&N

≈ 3 × 1013 cm

(

E

10GeV

)(

1µG

B

)

. (4.2)

��Ò O °=���� ���	� 7F��
FO�� Q��LA8B�'8C�DFO&? =	�� \R] , 9 �&Ò #��	� ����� �r = Yt�v ��Ò (B ∼ 0.1G) ��bLc H < � 10 GeV
#[\�] , # Û8Ü ÝLÞJß&à89 ∼ 3× 108 cm < �Â � t�v ß&à

(∼ 6 × 108 cm) <�� Ù £|����H[Y�� z S8� ∼<10 GeV
#LA&B['8C+D ��� `F\�], 9&� t ��� �&Ó�Ô 4XW S�� t v �������/Q[� = Y t v�� ��# ��Ò|° £ ��� G! #" <;� S8�\�] ,/� �%$'& 
�G+H 1�(&3 4 �&7 W�) ² #�A�B['8C|D�#F\�] , 9*�+���Q�� = � <�= ��AB�'C+D

(GeV) � ”Cut-off Rigidity (COR)” <��L� 3
Y

ïJñ-,{ü óeô õ�÷�ø/.1032�4 õ��65/798þïJñ-,yü í;:/< � �9=?>A@CB !EDAF �HGA,98 E−3 �6I ���1JLK3.1MNEO �CPL=XìRQ ü9S N?T 21. �UI�V-W =3> � Anchordoqui et al. 2003, Int. J. Mod. Phys. A18, 2229 X Q �Y ! 8 I é ê W �/Z��úå\[ E ∼> 1020eV ü “super-GZK” cosmic ray ü-]_^98`[ 1 .LM NLO �CP1[ 1km2 [ 1 ab =Xì*Qc[1d 1 :��9=?>����� �LÒ # ° £89 ∼ 3µG,
�L� ��!�"fe;# �LÒ 9�6�#F:�g�Ù�£ aV<>b�cV4eW S = H;Y\h�iÉ[���

∼ 1 pc (≈ 3×1018 cm)
#'j/Q U � B ∼ 10µG �?� `[�L����!�" �Fb�c H < � E ∼> 1016

eV ( ��k Knee
A&BF'&C8D

)
#[\�] , 9;�L����# �LÒ � ��� 7�� 4�W	l �'m&Ô S � Z��úY&� zS8�;���&��!�"O�\�] , M N&^ aR<;� S � � Knee

AB;'�C|D+��Âþ? = A&B;'�C|D�Z��LM�NG/H&7 < 9on'p�|�|H;Y
3 qAr_sLtJüHuCv9[ws/tLx>øCyúüwz`{ � �|>}q ! 8A~L�L�{üA8-��� COR å_����BE@/� �C8þïJñ-,1� T 2E� N� P?� åXò ��ü��3[Es/t_u`v/�/x>ø`y6zA{ !E�_� �}�C� > �
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U&4 � 1 � 2
� AB;'�C+D�O�? r ��H < ����� ��Ò �/�LH;Û|ÜÝ Þ(ß�à�9������
	�#���

(∼ 100 pc) ���8c S � ZV�@Y/� z S8� E � 1017 eV
#F?|A�B;'8C|D�\R] , 9������ w P&^ad<>b�cV4eW S = H�Y ��3d� ��� ´ #[\�] , ^�O ¡�4XW S�� 49l �F�� �/��O����8��#��8�?|A&B�'C|D�\�] , M&N�^|9;\�]��RÉ��������&�+H <>b�cd4eW H;Y

4.1.3 �����! �¤d¥�¦¨§+© ª�«d¬ �"$#
�%�&��	�#��' � ∼ 100pc,

ß+à � ∼ 20kpc <�� S+�F\d] , #�A|B�'/C�D;¢8£�9 ∼ 1

eV/cm3 a�3 4 �������
	 e�#�\R] , #�(+A&B;'�C+D;98�
Ecr = π × (20kpc)2 × 100pc × 1eV/cm3 ≈ 5 × 1054 erg. (4.3)\�] , e�# ��)+*%,�- #�*±5��Â �*h�idÉF��\/] , #�.�/+9 ∼ 107 0 <{º ` �84yW S =H�Y1��� ��Ò �/�|Â ∼ 107 0 9��2�23|� ��� 7�� 4�W ��6�#�4��2��� 354 mÔ a G <>b�c S5 = Y'mÔ a G�\�] , #�6%7�9&� 5 × 1054 erg/107 year ∼ 1040 erg/s

Y ´&��8�9 �|�|H;�L�� 9&��7 W|a	� #F\�] , AB['|C|D�^&O�:2;8�8�+H[Y6L#�A&B�'8C8D�^89��L� ��<�= <>b�cV4�W S = H;Y�> < `&#F� ����<2=��}�? UyW H�A&B'8C8D�9+h+iRÉ��
∼ 1051 erg

�F��� ��<�=+#�@�£�9�������( * ��A 30 0 �L_2B��#����LAB�'C+D�}C?L#D6�7|9�
1051 erg /30 year ≈ 1042 erg/s

Y86 #Õ�
E
10 %

O�<�F�#F× Ø AB'8C+D���G�H U�W � U�4 ��6�# 10 %
O I�K�M&N���I�J W H < G/H < � 1040 erg/s

#F\�] ,A�BF'8C8D ��K�L ��Q�H 7 < � ��HFY
4.1.4 MCNd©5ª&«d¬ |¤V¥8¦\�] , #�A�B�'C8D>O ∼ 1020 eV �O�c H < � 2.7 K

#[\�]�P�Q�R *�S ~8#�T�K <VU � � �
p + γ → p + π0, p + γ → n + π+ (4.4)

<{= �XWZY�O�P�Q(S�� \�] , 9�A�BJ'�C�D �
[ � �úY π0
�

π+
#FA�B�'�C&D�9 6 W ¼ W 134.9630

MeV, 139.563 MeV
�8��H[Y;�[K+#�AB['&C|D>O

∼ 1020 eV �
�c H < Q[� γ ∼> 1020/109 ∼
1011

�8��H;Y ��K�#D\+]+���
2.7 K

#F\/]ZP�Q�R *�S ~/#DT�K (
\�]%���8# A�BF'+C+D�9

∼ 10−3 eV) ��º � < Q���6�#�A&B;'&C|D;9 γ
g8����H;#����

100 MeV �1��c HFY|� z S�AB�'C+DO^�_�` ��Â@�
∼ 140 MeV

#
π0, π+

#Da&��O�b�c�� ��HFY�FK < T K+�/�LHeddÝ1f�.Oa��+#�g�3�h%i ∼ 10−28 cm2, j'k P2Q�R *�S ~�l�T�m¢ £ni
∼ 410 cm−3 (p.46 o+p ) q2rts�u�v2wyx�z1{�| i u (10−28 × 410)−1 ∼ 2.4 × 1025cm ∼ 8

Mpc }'~����nu ∼ 8 Mpc ~$���%�+��� a���� ∼> 1020 eV
l j'k�� i u (4.4)

lZ��� �+������$���D� �
� �%����l �nuD��� � �2�%r%�%��} ∼ 8 Mpc ~����%������  l j¡k���¢ i�£�¤� ��� l �%u�j'kO�%���Z� �¥��¦�§¡¨'© �¥� i ∼ 1020 eV ��ª$« ©¬¥®�¯ £�¤�°$±�i�² �%³± }'´eµ � Greisen Zatsepin Khuzmin ¶n·n¸e¹¥º (GZK ¶¥·n¸»¹�º ) ¼�½�¾�}� r � u AGASA u Fly’s Eye ¿ lZÀ�Á�Â�Ã �¡~����+u ∼ 1020 eV
��Ä%Å ± j¡k�� (Ultra-

High-Energy Cosmic Ray; UHECR)
lDÆ�Ç ¯�È�ÉËÊ µ$�n� ± } ∼ 100 g

l�Ì ��Í � � ¯'Î
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 100 km ������n� ± ¼��������+����� �¥��¯ u ∼ 3 × 1020 eV �%³ ± }��n´���� ∼ 1026� ����� ¯�� � µ ± ¯ u��Oµ ¼������%�D� ���+�! �" ����� ¯�# �1�n� ± � ¯ UHECR �
³ ± } UHECR � £�¤ x%$ ¯�&(' �*)1�n³ ��u,+ �O£2¤+°'± ¼ � �-+�u.����/2¢*�(021D���
�%� 4 }
x43�52��6�7�8�9�u G, h̄, c rËs��%�D� �n� ��:�;,��9 �=< ± ¼Ou

Ep =

√

h̄c5

G
≈ 1028 eV (4.5)

¼1� ± }'´eµ ¯�>-?�@n¨ �%�D� �$� ��u�A,B,�(C���D�E ¯ A�F$��� ± ¼�G Å s»µ ± �n������2¦�H�� �¥�n³ ± }�I�J-)��K+L	�
�M ��N ���.O�P °'± ´n¼Q��R(SUT�¼=G Å sVµn�n���¥u
´��D�+�O� �%��¦�H�� �U� À2Á.V�W ¼ � �!S*T�X ¯ ³ ± �����U�O�%q�Y��+³ ± } (

� r � u �
q 8 Z�[ � �n� !)

4.2 Fermi \^]_�`�a�b.c ��d�e��gf��nu ”Fermi 	�
 ” ��~��
�.�.� 6
¯

∼ 1015 eV
� �(	�
 Ê µ��%� ±

¼=G Å sVµ%�n� ± }

 Ê V �.�¥���%� ±Khji �(k���l ( m%�g+Qn�� ) �2�%�Z� �¥� E ����� ¯ ”

?�@�o�p
” �

¾ " ry�u=q.r�s�t ¼ju�s�t � v2w °$± ¼1uZ���D� �%� ��v�	 ∆E/E � (V/c)2 �!w�x °'±
( y 4.10; second-order Fermi accerelation) }  �'u!��� ¯�z2" �(k���l��!{ � µ��¥u����|.} ¯ W�~���� � �
��� ± ~ � �.��� � G Å ± ¼Ou�q�r�s�t¥q�Y ��� �r Å ° ´�¼��2� � u
∆E/E � (V/c) �(w�x °$± ( y 4.9; first-order Fermi accerelation) }(�.� ¯ _�`�a�b.c f!��.� ��~2�e�,����´���s µ�u=s.���.rU����� ¼=��� � {�� � ��J � � °�± ´%¼���~2�e�+u.�� ����� ¯ O�P � �n� ± ( ���t¼=���U��
���� ¯ V �(� �n°$± ) }!��� ¯ 1015 ≈ 1016 eV

�
��	�
 Ê µ ± � " µ¥�nu��,���.�Q��� ¯ i ��� � � u _�`�a rËsj��� Ç�� �.�K�D�n��� ± }

Section 3.6.8 ����  � ~ � �+u _�`�a�b�c RXJ 1713.7–3946 � X �¥u�¡ @(¢ � À�Á ��£
d @%¨ � © � @=¤�¥ ¼§¦©¨ @=>y©ª@ª¤�¥��=# �1�%� ±Q« ��� � 9 ¦�§�¨¡© � � ∝ E−2 ¼ °± ¼ �e� �¬021��-� � ¯ £ _�`.a�b�c f1��� Fermi 	.
 � G Å ± ¼£�´�� ¦Z§�¨'© ��k�®�+
x43¥�(0K1��©� ± ( y 4.17) }

4.2.1 Lorentz Transformation

Consider two systems, one of which is moving at the constant velocity u relative to the

other.

The following “four vectors” follow the Lorentz transformation:

4 ¯Q°²±´³jµ²¶�·¹¸%º%»½¼4¾%¿ªÀ�Á�ÂÄÃÆÅ�Ç�ÈQÉ¬Ê%Ë4Ì�Í½ÎjÏjÐLÑ UHECR Ò ¼4¾ªÓÔÃ GZK ÕQÖ§×ÙØ�Ú »¬ÛÜ Ò ÐªÑ EUSO (Extreme Universe Space Observatory) Ý�ÞÔßªà²áLâ ÍÔãLä=Âæåèç�ÇLÑ¬é
6Fermi ê²ëLì²í´î�â¬ïÔðjñ ÊLÃÄòjó Ò²ô½õLï Çjé½ò4öªÃ²÷ÔöQÃ¬ø4öjùèÍ�ú�ûèÍÔü§ý4Ê�þ%ÑÔé
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xµ =













ct

x

y

z













, Uµ =
dxµ

dτ
=













c dt
dτ
dx
dτ
dy
dτ
dz
dτ













= γ













c

ux

uy

uz













, P µ = m0γ













c

ux

uy

uz













=













E/c

px

py

pz













where γ = (1−u2/c2)−1/2 and m0 is the rest-mass. “Lengh” of the four vectors is Lorentz

invariant. They are respectively the following:

−(ct)2 + (x2 + y2 + z2),

γ2(−c2 + u2) = −c2,

−E2/c2 + p2 = m2
0γ

2(−c2 + u2) = −m2
0c

2.

Lorentz transformation can be written as

x′µ = Λµ
νx

ν ,

where Λµ
ν is the 4 × 4 transformation matrix. In the case that the relative movement is

in the x-direction,p Λµ
ν may be written as follows:

Λµ
ν =













γ −βγ 0 0

−βγ γ 0 0

0 0 1 0

0 0 0 1













.

4.2.2 Fermi ���������
	����
Let’s consider head-on collision of a light particle with the mass m traveling fast with

the velocity v and an infinitely heavy cloud with the mass M moving slowly with the

velocity V (v � V and M � m). The mass and the cloud collide elastically (but the

cloud does not change velocity). In this case, the center of momentum frame is that of

the cloud.

Let’s put the energy and momentum of the particle in the rest-frame E and p. Lorentz

transformation of E and p to the frame of the cloud gives,

E′ = γ (E + V p) , p′ = γ

(

p +
V E

c2

)

,

where γ = (1 − V 2

c2 )−1/2.
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Since we consider elastic collision, in the frame of the cloud, E ′

before = E′
after, and

the momentum only changes the sign. Therefore, Lorentz transformation back to the

rest-frame gives,

E′′ = γ
(

E′ + V p′
)

= γ

(

γ (E + V p) + V γ

(

p +
V E

c2

))

= γ2

(

E + 2V p +
V 2E

c2

)

= γ2E

(

1 +
V 2

c2

)

+ 2γ2V p

= E

(

1 + V 2

c2

)

(

1 − V 2

c2

) + 2γ2V p

= E + E
2V 2

c2

1 − V 2

c2

+ 2γ2V p

= E + 2γ2E
V

c

(

V

c
+

cp

E

)

= E + 2γ2E
V

c

(

V

c
+

v

c

)

,

where we used cp/E = v/c.

Namely, if we put the energy gain of the particle ∆E,

∆E = 2γ2E
V

c

(

V

c
+

v

c

)

. (4.6)

For the tail-on collision, we put −V instead of V , then the energy gain will be negative:

∆E = −2γ2E
V

c

(

v

c
− V

c

)

. (4.7)

Probability of the head-on collision is 1
2 ((V + v)/v) and that of the tail-on collision is

1
2 ((v − V )/v). Consequently, the mean energy gain per collision is

∆E =
1

2

(

V + v

v

)

2γ2E
V

c

(

V

c
+

v

c

)

− 1

2

(

v − V

v

)

2γ2E
V

c

(

v

c
− V

c

)

=
1

2

(

1 +
V

v

)

2γ2E

(

V

c

)2 (

1 +
v

V

)

+
1

2

(

1 − V

v

)

2γ2E

(

V

c

)2 (

1 − v

V

)

= γ2E

(

V

c

)2 {(

1 +
V

v

)(

1 +
v

V

)

+

(

1 − V

v

)(

1 − v

V

)}
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= 4γ2E

(

V

c

)2

. (4.8)

In the equation (4.6), since V << v ≈ c,

∆E

E
≈ 2

V v

c2
≈ 2

V

c
. (4.9)

This is the case of the first-order Fermi acceleration when only head-on collision is taken

into account. When we consider both head-on and tail-on collision, from equation (4.8),

∆E

E
≈ 4

(

V

c

)2

. (4.10)

This is the case of the second-order Fermi acceleration.

4.2.3 Fermi ������������� �
	�����������
Let’s consider the case that a particle is confined between two walls (i.e., magnetic

mirrors) being apart by the distance l, and one of the wall is approaching with the velocity

V . Namely,

V = −dl

dt
. (4.11)

The first Fermi acceleration takes place by the head-on collision of the particle by the

approaching wall. The number of collision per second is c
2l . Hence, from equations (4.9)

and (4.11),
1

E

dE

dt
≈ 2

V

c

c

2l
= −1

l

dl

dt
,

or equivalently,
d(ln E)

dt
≈ −d ln l

dt
.

Namely, the confined particle accelerates as the two magnetic mirrors are approaching.

The same mechanism happens when charged particles go back and forth between the

upstream and downstream sides of a collision-less shock in the supernova remnants.

In equation (4.9), a relativistic particle (v ≈ c) with the energy E gains the additional

energy ∆E from a single, elastic head-on collision with the massive “wall” moving at the

velocity V . In the case of shock wave, i.e., the particle goes from the up-stream to the

down-stream then back to the up-stream, V may be taken as the discontinuity of the flow

velocity on either side ∆u ≡ u1 − u2.

In general case (i.e., not head-on), this equation has to be averaged over the angle.

Note, the number of collision per unit area is proportional to cos θ, and additionally the

momentum transfer is proportional to cos θ. Consequently,

〈∆E

E
〉 = 2

V

c

2π
∫ π/2
0 sin θ cos2 θdθ

2π
∫ π/2
0 sin θ cos θdθ

=
4

3

V

c
. (4.12)
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If we define β as the fractional energy gain before and after the collision,

β = 1 +
4

3

u1 − u2

c
(4.13)

Next, let’s consider the probability that the particle goes from the up-stream to the

down-stream, then back to the up-stream again. In the up-stream, the cosmic ray particles

have nearly the light velocity c, and direction of the motion is random. If we take the

particle number density N1, the number of particles which cross the unit surface area per

second is proportional to cos θ, thus

N1c
2π
∫ π/2
0 sin θ cos θdθ

2π
∫ π/2
0 sin θdθ

=
N1c

4
.

On the other hand, in the down-stream, the particles are swept away by the flow and the

u2N2 particles will go away to the downward. Therefore, the probability of the particles

going to down-stream and coming back to the up-stream is

P =
1
4N1c − u2N2

1
4N1c

.

where we may assume N1 = N2 (i.e., cosmic rays do not know the presence of shock front),

P = 1 − 4u2

c
. (4.14)

From equations (4.13) and (4.14), using the fact u1 � c and u2 � c,

lnβ ≈ 4

3

u1 − u2

c
, ln P ≈ −4u2

c
, (4.15)

therefore,
lnP

lnβ
= − 3u2

u1 − u2
= −1, (4.16)

where we used u1 = 4u2, which is derived from the strong shock condition ρ2 = 4ρ1 and

the mass conservations says ρ1u1 = ρ2u2.

After the k collision, E = E0β
k and N = N0P

k, where N is the number of particles

having at least energy E. Eliminating k,

N

N0
=

(

E

E0

)
ln P
ln β

,

dN

dE
∝ E−1+ ln P

ln β .

Using (4.16), in the case of shock acceleration, the particle energy spectrum is approxi-

mated with
dN

dE
∝ E−2. (4.17)


